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Based on ab initio calculations for a number of the BacSr共1−c兲TiO3 共BST兲 superlattices, we developed a
thermodynamic approach to these solid solutions. In particular, we calculate the BST phase diagram and show
that at relatively low temperatures 共below 400 K for c = 0.5 and 300 K for c = 0.1兲 the spinodal decomposition
of the solid solution occurs. As a result, we predict for small Ba concentrations formation of BaTiO3 nanoregions in a predominantly SrTiO3 matrix and vice versa, which is confirmed by the Raman, polarization,
ultrasonic, neutron diffraction, and diffusion experiments.
DOI: 10.1103/PhysRevB.71.014111

PACS number共s兲: 64.75.⫹g, 64.60.⫺i

I. INTRODUCTION

In the last decade complex perovskite solid solutions with
a common formula 共A , A⬘ , A⬙ , . . . 兲共B , B⬘ , B⬙ , . . . 兲O3 have
attracted growing attention because of numerous unusual and
sometimes unexpected properties. These properties have
opened important fields for such material applications,
stimulating further efforts in the study of their behavior under different conditions. It is well recognized nowadays that
the dielectric and piezoelectric properties, response on external excitations, etc., in these solid solutions are linked to the
structural properties, including compositional ordering and
formation of complicated heterostructures.1–6
For BacSr共1−c兲TiO3 共BST兲 solid solutions in the Ba-rich
region 共c ⬎ 0.5兲, the dielectric anomalies were associated
with the fluctuations of the order parameter.7 The dielectric
and ultrasonic study on Sr-rich BST was reported.8 It was
shown there that a small addition of Ba to SrTiO3 leads to
formation of a glassy state and complicates significantly the
sequence of phase transitions observed at c ⬇ 0.15. Structural
evolution and polar order in BST was reported,9 being based
on the combination of neutron diffraction and diffusion,
high-resolution x-ray experiments, as well as dielectric susceptibility and polarization measurements. It was shown that
the Ba-critical concentration exists, ccr ⬇ 0.094, which separates the phase diagram 共PD兲 into two regions: a solely antiferrodistortive 共AFD兲 phase transition 共c ⬍ ccr兲 and the sequence of three BaTiO3-type ferroelectric phase transitions
共c ⬎ ccr兲. Moreover, inside the nonferroelectric AFD phase a
local polarization is observed, with the magnitude comparable to the values of spontaneous polarization in the ferroelectric phases of the Ba-rich compounds. The results of Raman study of BST films with the thickness of ⬃1 m and
with Ba atomic fraction c = 0.05, 0.1, 0.2, 0.35, and 0.5 共Ref.
10兲 show the striking similarity with the behavior of relaxor
ferroelectrics, which was explained by the existence of polar
nanoregions in the BST thin films.
In order to describe and explain the link between the
structural and dielectric properties in ferroelectric solid solu1098-0121/2005/71共1兲/014111共9兲/$23.00

tions, significant efforts were made. A simple, purely ionic
model, which accounts for electrostatic interaction, was
presented11 and aimed to reproduce the compositional longrange order observed in a large class of perovskite solid solutions. To go beyond the ground-state behavior and to make
conclusions on thermodynamic behavior as a function of the
temperature, the Metropolis Monte Carlo simulations were
further carried out. However, this model does not allow ordering in isovalent binary solid solutions. To describe the
weak order in Pb共Mg, Nb兲O3 共PMN兲, for example, it was
necessary to account for the multivalent nature of Pb atoms.
Accounting for a charge transfer may be accomplished using
direct computer modeling in the framework of the electrostatic model12 or may be carried out by means of ab initio
calculations. A comparative study of Pb共B , B⬘兲O3 and
Ba共B , B⬘兲O3 perovskites was performed13 on the basis of
plane-wave pseudopotential calculations, and the trends of
the low-temperature disordering in Pb共B , B⬘兲O3 as compared
with Ba共B , B⬘兲O3 were discussed. It was shown that the
long-range Coulomb interactions that drive B-site ordering in
Ba systems do not dominate in Pb systems. Efforts were
made to study the finite-temperature properties of some
isovalent perovskite solid solutions 共see, for example, Refs.
14–16兲. These theoretical papers deal mostly with the description of the ferroelectric phase transformations based on
the effective Hamiltonians. In particular, the virtual crystal
approximation
共VCA兲,
which
has
well-known
disadvantages,17 including lack of solid fundamental background, was used.15,16 In Ref. 15 as many as 18 parameters
of the effective Hamiltonian were fitted to the results of VCA
calculations. In several studies artificially constructed and
quite arbitrary chosen superstructures were used to model
disordered solid solutions.18,19 Lastly, molecular dynamics
共MD兲 calculations have been also performed.20 Although the
giant dielectric constant in BST for c = 0.7 was explained
there, other above-mentioned fine features of the phase transitions were not found. On the one hand, this clearly demonstrates the importance of ab initio calculations for perovskite
alloys, but on the other hand, raises the question of how to
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explain the peculiarities of phase transitions in complex BST
alloys without compositional long-range order. A rather short
but comprehensive review of the very recent use of firstprinciple-derived approaches to piezoelectricity in simple
and complex ferroelectric perovskites was presented in
Ref. 21.
There is great interest in the study of this system in the
whole 0 ⬍ c ⬍ 1 range of atomic substitutions at low temperatures where phase transitions occur. Unfortunately, the
experimental PDs for BST solid solutions are known only for
high temperatures, 1538– 1703 K 共Ref. 22兲. A complete picture of the whole PD is still lacking although much experiment data indicate peculiarities of the low-temperature phase
transitions in BacSr共1−c兲TiO3 where the composition varies
widely.
In this paper, we show that the statistical thermodynamic
approach combined with the ab initio Hartree-Fock calculations allows us to predict the main features of the quasibinary PD for the BST solid solutions in a wide range of Ba
concentrations and, thus, to shed some light on the complicated picture of phase transitions in this system. Our results
clearly demonstrate that fine peculiarities of these transitions
at relatively low temperatures arise due to spinodal decomposition. Formation of specific morphology of solid solutions, which differs essentially in the region between the solvus and spinodal and below the spinodal, enables us to
explain unusual behavior of both SrTiO3 slightly doped by
Ba and Ba-rich solid solutions.
Our method allows us to avoid numerous and not welljustified approximations commonly used in quantummechanical calculations, simulating disordered or partly ordered solid solutions. In particular, we perform the
calculations only for ordered superstructures and use these
results for extracting the key energy parameter that is necessary for the thermodynamic analysis of the BST solid solution. Unlike many previous approaches, our theory has no
fitting parameters.
The paper is organized as follows. Section II deals with
the short description of the statistical thermodynamic approach and its application to quasibinary BacSr共1−c兲TiO3 solid
solutions. Here we also define different superstructures for
which ab initio Hartree-Fock calculations are performed.
Some computational details are given in Sec. III. In Section
IV we show how, based on the calculated energy data for
ordered superstructures, we predict the PD of the considered
system and discuss the consequences of the obtained decomposition tendencies. Section V concludes the paper.

partly ordered solid solutions in order to get the information
on the thermodynamic behavior of the BST solid solution.
From our microscopic study and experiment data,19 it follows that in the perovskite alloy BacSr共1−c兲TiO3 the Ba atoms
substitute for Sr at all atomic fractions, 0 ⬍ c ⬍ 1. This allows
us to focus only on the alloying sublattice, similar to Ref. 11,
and to consider the solid solutions of these components on
the sites of simple cubic lattice immersed in the external field
of the remaining Ti and O ions and in the field of the electronic charge distribution created by these atoms. When the
atomic fraction of Ba changes, this may affect the external
field and changes the charge distribution. This is accounted
in the Hartree-Fock calculations. The thermodynamics of
such quasibinary solid solutions may be formulated in terms
of the effective mixing interatomic potential
Ṽ共r៝,r៝⬘兲 = VAA共r៝,r៝⬘兲 + VBB共r៝,r៝⬘兲 − 2VAB共r៝,r៝⬘兲,

where VAA共r៝ , r៝⬘兲, VBB共r៝ , r៝⬘兲, and VAB共r៝ , r៝⬘兲 are the effective
interatomic potentials between Ba atoms 共A兲, between Sr
atoms 共B兲, and between Ba and Sr atoms, respectively; r៝ and
r៝⬘ are the positions of the sites in the simple cubic lattice.
The effective mixing interatomic potential 关Eq. 共1兲兴 describes
the interactions of A and B components in such a system in
the field of the remaining atoms in the perovskite solid solution.
The atomic fractions of Ba or Sr atoms in this simple
cubic solid solution can be determined in the usual way. The
total number of particles in this system is conserved, being
equal to the number of simple cubic lattice sites. This simplifies the application of a traditional thermodynamic theory
of substitutional solid solutions. The analysis of thermodynamic stability of this solid solution turns into a study of the
ordering and/or decomposition tendencies of such a binary
system. Its stability may be considered in terms of the PD of
the BacSr共1−c兲TiO3 alloy. We use the concentration wave
共CW兲 approach,24 which has several advantages over other
statistical theories of alloys. One such advantage is that the
CW theory is based on the Fourier transforms of interatomic
interaction potentials. Thus, it accounts for, formally, the interactions in all coordination shells, i.e., avoiding the usual
approximation of the first or first and second, etc., nearestneighbor interactions.
In this theory, the distribution of atoms A in a binary A-B
alloy is described by a single occupation probability function
n共r៝ 兲. This function provides the probability of finding the
atom A 共Ba兲 at the site r៝ of the crystalline lattice. The configurational part of the free-energy formation of a solid solution per atom is given by

II. THERMODYNAMIC THEORY

We develop here a statistical thermodynamic approach for
modeling the formation of BST solid solutions to be combined with ab initio atomistic calculations. Periodic-structure
ab initio calculations of the BST electronic structure, which
we use here, are applicable only for the absolutely ordered
structures. This requires us to formulate the problem in such
a way that allows us to extract the necessary energy parameters from the calculations for the ordered phases and then to
apply these parameters to the study of the disordered or

共1兲

F=

1
2N

兺

r៝,r៝⬘

Ṽ共r៝,r៝⬘兲n共r៝ 兲n共r៝⬘兲 + kT

兺៝ 兵n共r៝ 兲 · ln n共r៝ 兲
r

r៝⫽r៝⬘

+ 关1 − n共r៝ 兲兴 · ln关1 − n共r៝ 兲兴其.

共2兲

The summation in Eq. 共2兲 is performed over the sites of the
Ising lattice 共a simple cubic lattice in our case兲 with Ba and
Sr atoms distributed on it. The function n共r៝兲 that determines
the distribution of solute atoms in the ordering phase may be
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expanded into the Fourier series. It is presented as a superposition of CWs
n共r៝兲 = cA +

1
៝
៝
关Q共k៝ js兲eik jsr៝ + Q * 共k៝ js兲e−ik jsr៝兴,
2 js,s

兺

共3兲

៝
where cA is a concentration of particles A, eik jsr៝ is a CW, k៝ js is
a nonzero wave vector defined in the first Brillouin zone
共BZ兲 for the Ising lattice of the disordered solid solution, the
index 兵js其 numerates the wave vectors in the BZ, which belong to the star s, and Q共k៝ js兲 is the CW amplitude. As shown
in Ref. 24, all Q共k៝ 兲 are linear functions of the long-rangejs

order 共LRO兲 parameters of the superlattices that may be
formed on the basis of the Ising lattice of the disordered solid
solution
Q共k៝ js兲 = s␥s共js兲.

共4兲

Here the s are the LRO parameters, and the ␥s共Js兲 are coefficients that determine the symmetry of the site-occupation
probabilities n共r៝ 兲 共the symmetry of the superstructure兲 with
respect to rotation and reflection symmetry operations. The
LRO parameters are defined in such a way that they are
equal to unity in a completely ordered state, where the occupation probabilities n共r៝兲 on all the lattice sites 兵r៝其 are either
unity or zero. This requirement completely defines the constants ␥s共js兲. This definition of the LRO parameters coincides
with the conventional definition in terms of the occupation
probabilities of sites in the different sublattices. Substitution
of Eqs. 共3兲 and 共4兲 into the first term of Eq. 共2兲 gives the
internal formation energy 共per atom兲 for the ordered superstructure
1
1
␥2共js兲s2Ṽ共k៝ js兲,
⌬U = Ṽ共0兲 · cA2 +
2
2 s,js s

兺

共5兲

where Ṽ共k៝ js兲 is the Fourier transform of the mixing interatomic potential and Ṽ共0兲 is the same for the k៝ = 0. It may
js

be shown that the V共k៝ js兲 remains the same for different vectors k៝ j belonging to the same star of vectors. Equations 共2兲
and 共5兲 define the Helmholtz free energy and internal energy
of the ordered phases with respect to the reference state.
For simulating the superstructures in quasibinary solid solution, we used the structures given in Fig. 1. This choice of
superstructures is not arbitrary and not based on any specific
type of interatomic interactions. Obviously, it is impossible
to calculate all the possible structures that may, in principle,
exist in the solid solution. We decided, thus, to limit our
study to those structures that are stable with respect to the
formation of anti-phase domains. Criteria that we used to
construct these superstructures are independent on the type
of interatomic interactions but based purely on the symmetry
considerations that have been well known since the early
papers of Lifshitz.25 The discussion on this subject is included into a classic book.26
Site occupation probabilities for these structures are presented in the form of Eq. 共3兲. They are found with the determination of vectors k៝ js. The superstructure vectors k៝ js define

FIG. 1. Superstructures a to i in quasibinary BacSr1−cTiO3 solid
solutions used in ab initio calculations.

the positions of the additional x-ray reflections that appear
when the binary system changes from a disordered state on
the Ising lattice to an ordered or partly ordered state. The
vector k៝ js determines new unit translations in the reciprocal
lattice arising from the reduction of the translation symmetry
caused by the ordering. To choose these vectors, the Lifshitz
criterium25,26 is used. According to this criterium, the point
group of the vector k៝ js contains the intersecting elements of
symmetry. The stars of vectors k៝ for the simple cubic lattice
js

are
共1兲

共 21 ,0,0兲, 共0, 21 ,0兲, 共0,0, 21 兲;

共2兲

共 21 , 21 ,0兲, 共 21 ,0, 21 兲, 共0, 21 , 21 兲;

共3兲

共 21 , 21 , 21 兲 .

共6兲

These vectors are given in the units 共2 / a兲 where a is the
cubic lattice parameter. All possible ordered structures on the
simple cubic lattice that satisfy the Lifshitz criterium are dis-
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TABLE I. Site-occupation probabilities n共r៝兲, stoichiometric compositions cst, and the energies of formation ⌬U, for the ordering phases
in BacSr共1−c兲TiO3 solid solutions. Ṽ1, Ṽ2, and Ṽ3 are the Fourier transforms of the mixing potential in the k៝ js points that correspond to the
stars 1, 2, and 3, Eq. 共6兲.
n共r៝ 兲
c + ␥  1e

1

c + ␥  2e

2

iz

i共x+y兲

cst

␥

1

1

1

2

2

2 Ṽ共0兲c

2

+ 8 Ṽ121

1

1

1

2

2

2

+ 8 Ṽ222

3

c + ␥3ei共x+y+z兲

1

1

2

2

4

c + ␥2bei共x+y兲 + ei共x+z兲 + ei共y+z兲c

1

1

4

4

3

−4
␥1 = ␥2 = 41
␥1 = −␥2 = − 41
␥1 = ␥2 = ␥3 = 81

c + ␥11be

5

ix

+e

i y

c + ␥ 2 2e

i共x+y兲

c + ␥1关eix + eiy + eiz兴+
␥22关ei共x+y兲 + ei共x+z兲 + ei共y+z兲兴+
␥33ei共x+y+z兲

1

4
4
1

8

31

2

Fig. 1共a兲. The vector k៝ 12 = 共2 / a兲共 21 , 21 , 0兲 defines the structure shown in Fig. 1共b兲, while the vector k៝ 13 = 共2 / a兲
⫻共 21 , 21 , 21 兲 defines the structure in Fig. 1共c兲. The superstructure in Fig. 1共e兲 is described, for example, by a combination
of three CWs with vectors k៝ js,

冉 冊

冉 冊

␥1 = ␥2 = ␥3 = −1 / 8

7

8

played in Fig. 1. Figs. 1共a兲–1共c兲 show the structures that are
described by the single vector k៝ js. In particular, the superstructure vector k៝ = 共2 / a兲共0 , 0 , 1 兲 defines the structure in

冉 冊

2 1
2
1
2 1 1
0, ,0 , and k៝ 12 =
,0,0 ,k៝ 21 =
, ,0 .
k៝ 11 =
2
a 2
a
a 2 2
The site occupation probabilities for structures in Fig. 1 are
presented in Table I together with the stoichiometric compositions and the formation energies for these phases ⌬U with
respect to the heterophase mixture, cBaTiO3 + 共1 − c兲SrTiO3.
This mixture is assumed to serve as the standard state. Table
I contains a comprehensive list of the binary superstructures
that may be formed on the simple cubic lattice and are stable
with respect to the formation of antiphase boundaries,27 according to the Lifshitz criterium. In Table I, x and y are the
coordinates of the lattice sites on the Ising lattice 共in the
lattice parameter units兲. It is easy to check by a direct substitution of coordinates of the simple cubic lattice sites that,
for the displayed ordered structures and stoichiometric compositions, the occupation probabilities are equal to unity on
the Ba sites and are zero on the Sr sites.
III. COMPUTATIONAL DETAILS

To perform ab initio calculations, we use the CRYSTAL-98
computer code.28–30 This is a periodic-structure computer
program, using the linear combination of atomic orbitals
共LCAO兲 basis set 共BS兲. Its main advantage is the ability to
calculate the electronic structure using both Hartree-Fock
共HF兲 and Kohn-Sham 共KS兲 Hamiltonians or various densityfunctional-theory–HF 共DFT-HF兲 hybrid approximations using the identical BS and other computational parameters. In
present simulations we employ the effective core pseudopo-

2 Ṽ共0兲c

1
1

1
2
2 1
2 Ṽ共0兲c + 8 Ṽ33
1
2
2 3
2 Ṽ共0兲c + 32 Ṽ22

1

4
3

6

⌬U

1

2 Ṽ共0兲c
1

2

+ 16 Ṽ121 + 32 Ṽ222
1

2 Ṽ共0兲c

2

1

+ 128 Ṽ121
3

+ 128 Ṽ222 + 128 Ṽ323
3

1

tentials 共ECPs兲. This approximation allows us to account for
the chemically inert core electrons with the effective pseudopotentials and, hence, to focus more on calculations of valence electron states thus, saving a significant amount of
computational time. The Hay-Wadt small-core ECPs 共Ref.
31兲 have been adopted for Ti, Sr, and Ba atoms. The smallcore ECPs replace only inner-core orbitals, but orbitals for
outer-core electrons as well as for valence electrons are calculated self-consistently. Light oxygen atoms have an allelectron BS. The BS has been adopted in the following
forms: O, 8-411共1d兲G 共the first shell is of s type and is a
contraction of eight Gaussian-type functions, then there are
three sp shells and one d shell兲; Ti, 411共311d兲G; and Sr and
Ba, 311共1d兲G 共see Ref. 32 for more details兲.
We performed calculations using the so-called hybrid
B3PW functional 共a hybrid of nonlocal Fock exchange and
Becke’s gradient corrected exchange functional33 combined
with the nonlocal gradient corrected correlation potential by
Perdew and Wang34兲. This B3PW hybrid exchangecorrelation technique was chosen because it describes very
well the basic bulk properties and the electronic structure of
BTO and STO perovskite crystals.32,35 To model the abovediscussed BST structures, we used the 2 ⫻ 2 ⫻ 2 supercell,
which consists of eight primitive STO unit cells and thus
containing 5 ⫻ 8 = 40 atoms. Different substitutions of some
Ba atoms for Sr atoms allow us to construct BacSr共1−c兲TiO3
solid solutions with different Ba concentrations. A theoretical
lattice constant was optimized for each particular structure.
We computed the equilibrium lattice constants for all considered superstructures and used the corresponding values of the
total energies of these phases in the further study. All atoms
in the supercells are fixed in their lattice sites because, according to the ab initio calculations,36 the formation energies
for the superstructures 共at least by one order of magnitude兲
exceed the energy differences that define the phase competition in the ferroelectric phase transitions for the studied BST
solid solutions.
The reciprocal space integration was performed by a sampling of the BZ of the supercell with the 8 ⫻ 8 ⫻ 8 PackMonkhorst net,37 which provides the balanced summation
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TABLE II. Calculated equilibrium lattice parameters aeq, and
bulk moduli B for the structures 共a–i兲 in Fig. 1 and for BaTiO3 and
SrTiO3 共cst are given in Table I兲.
Structure

aeq, Å

B, GPa

a
b
c
d
e
f
g
h
i
BaTiO3

3.9631
3.9655
3.9505
3.9445
3.9772
3.9394
3.9756
3.9262
3.9917
4.0045
共3.996兲a
3.9030
共3.905兲a

181.6
180.5
189.0
182.3
184.1
184.8
184.7
186.1
180.7
178.2
共170兲b
192.4
共180兲b

SrTiO3

⌬Ua = 21 Ṽ共0兲c2 + 81 Ṽ121 ,

共8a兲

⌬Ub = 21 Ṽ共0兲c2 + 81 Ṽ222 ,

共8b兲

⌬Uc = 21 Ṽ共0兲c2 + 81 Ṽ323 ,

共8c兲

⌬Uh = 21 Ṽ共0兲c2 +

aExperiment

data from Ref. 23
Experiment data from Ref. 8

b

over the direct and reciprocal lattices.38 To achieve high accuracy, large tolerances N = 7 , 87 , 7 , 14 共i.e., the calculation
of integrals with an accuracy of 10−N兲 were chosen for the
Coulomb overlap, Coulomb penetration, exchange overlap,
the first exchange pseudo-overlap, and for the second exchange pseudo-overlap, respectively.28
IV. RESULTS FOR THE BacSr„1−c…TiO3 SOLID SOLUTION

We choose the reference state energy in a conventional
way39 as the energy of a heterogeneous mixture, cBaTiO3
+ 共1 − c兲SrTiO3. In our case it is calculated as the sum of
weighted 共according to the atomic fraction兲 total energies per
lattice site for BaTiO3 and for SrTiO3. From our B3PW calculations we obtained the total energies Etot and the equilibrium lattice parameter for all structures shown in Fig. 1. The
equilibrium lattice parameters and the bulk moduli for these
structures are collected in Table II. To illustrate the quality of
our calculations, we also present the results of analogous
calculations for pure BaTiO3 and SrTiO3. Based on the data
on total energy calculations and using the definition
BaTiO3
SrTiO3
+ 共1 − c兲Etot
兲,
⌬U = Etot − 共cEtot

0.3581 eV, and 0.2087 eV, respectively 共per a cell of the
BST solid solution兲. When solving the set of equations

共7兲

we calculated the formation energies for all ordered phases
shown in Fig. 1. All these energies are positive, i.e., the
states in Fig. 1 and Table I have a higher energy than the
reference state and thus the formation of the considered
phases is energetically unfavorable at T = 0 K with respect to
the heterophase mixture cBaTiO3 + 共1 − c兲SrTiO3; that is, the
solubility or decomposition of disordered BacSr共1−c兲TiO3
solid solution should occur. The data we have obtained allow
us to calculate the key energy parameter needed for the case
T ⬎ 0. For this purpose we have chosen the phases in Figs.
1共a兲–1共c兲 and 1共h兲. The magnitudes of ⌬Ua, ⌬Ub, ⌬Uc, and
⌬Uh obtained using Eq. 共7兲 are 0.3422 eV, 0.3534 eV,

3
2
128 Ṽ11

+

3
2
128 Ṽ22

+

1
2
128 Ṽ33

共8d兲

for the parameters Ṽ共0兲, Ṽ1, Ṽ2, and Ṽ3 we get Ṽ共0兲
= −0.149 eV per atom in quasibinary solid solution
BacSr共1−c兲TiO3; parameter c was taken equal to stoichiometric composition of the corresponding phases; and all
LRO parameters were taken equal to unity. We assume also
that Ṽ共0兲, Ṽ1, Ṽ2, and Ṽ3 are concentration independent. This
assumption is based on the results of the diffuse x-ray scattering data for the alloys.40,41
The condition n共r៝兲 = cA = const corresponds to the case of
the disordered quasibinary solid solution when all LRO parameters in Eqs. 共8兲 or 共5兲 are zero. Substitution of n共r៝ 兲
= cA into Eq. 共2兲 gives the free energy of the solution
1
F共c兲 = Ṽ共0兲c2 + kT关c ln c + 共1 − c兲ln共1 − c兲兴,
2

共9兲

where we have omitted the index A. From simple thermodynamic considerations, it follows that an equilibrium PD remains unaffected if the free energy given by Eq. 共9兲 is replaced by
1
F共c兲 = − Ṽ共0兲c共1 − c兲 + kT关c ln c + 共1 − c兲ln共1 − c兲兴.
2
共10兲
This expression includes the chemical potential and is more
convenient because of its symmetry with respect to c = 21 . The
PD of the quasibinary disordered solid solution
BacSr共1−c兲TiO3, calculated with the help of Eq. 共10兲, is given
in Fig. 2. It has the miscibility gap, and the decomposition
reaction takes place since Ṽ共0兲 ⬍ 0. Although this result
seems to be in contradiction with the PD 共Ref. 22兲 actually it
does not because these data22 correspond to much higher
temperatures 共⬃1500– 1700 K兲 where the total solubility in
quasibinary solid solution occurs without a formation of ordered phases. In contrast, the decomposition occurs at relatively low temperatures where the thermodynamic measurements are very difficult because of the extremely slow
kinetics of the system evolution toward the equilibrium state.
The kinetics of the single-phase decomposition, as the temperature is reduced, may be controlled in this case by thermal
fluctuations in the system or by some specific features of the
Jahn-Teller-type interaction due to the polaron formation.42
The calculated PD represents the case of the limited solid
solubility in the BST solid solution. The solubility curve 共solvus兲 is shown in Fig. 2 by the bold line, whereas the dashed
line is the spinodal. To analyze the decomposition in the
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FIG. 2. Calculated phase diagram for the BST solid solution.
The system is single-phase above the solvus line 共point 1兲 and decomposes into a two-phase state below the spinodal line 共point 2兲 at
temperature T⬘. A line at T⬙ illustrates conditions leading to increase
of Ba contents in a phase with low Ba concentration and to decrease
of Ba contents in Ba-enriched phase.

solid solution, let us start from point 1 in Fig. 2. This point
represents the high-temperature state of a perovskite solid
solution with an equilibrium concentration of Ba atoms c0 at
the temperature T0. This is a single-phase state, corresponding to a disordered solid solution, when Ba and Sr atoms
randomly occupy the sites of the simple cubic lattice, immersed in the field of the remaining crystalline lattice containing Ti and O atoms. Cooling of the system down to the
temperature T⬘ brings the system to the state below the spinodal, as shown by point 2.
After annealing at this new temperature T⬘, the equilibrium two-phase state of the solid solution on this simple
cubic lattice is obtained. This two-phase state is a mixture of
two random solid solutions in the Ba-Sr subsystem. One
phase is an extremely dilute solid solution of Ba atoms, randomly distributed in the lattice sites with the equilibrium
concentration c1 共phase 1兲. The second phase is also a random solid solution of the same type as the first one, but with
high concentration of Ba atoms, c2 共phase 2兲. Thus, the twophase state represents the mixture of the two phases: one is
highly enriched with Ba, whereas the second one is depleted
of Ba atoms. The relative fraction of the phase 2 in the twophase mixture is defined by the lever rule, and is equal to
共c0 − c1兲 / 共c2 − c1兲, whereas the fraction of phase 1, with a
small Ba atoms concentration, is much higher and equal to
共c2 − c0兲 / 共c2 − c1兲. If the solubility regions are narrow, we
have a very small fraction of phase 2, but nevertheless, it
must exist.
Therefore, the two-phase state, which corresponds to the
temperature T⬘ and atomic fraction c0, is characterized by
Ba-rich regions 共with Ba atomic fraction c2兲 that are immersed in the Sr-enriched lattice with few Ba atoms randomly distributed on its sites. These small Ba-rich regions
are also random solid solutions, but Ba concentration therein

FIG. 3. Scheme illustrating the conditions of formation of Baand Sr-rich clusters from the disordered BST solid solution.

is very large and the number of Sr-occupied sites are correspondingly small. For the temperature T⬙ ⬎ T⬘ the atomic
fraction of Ba atoms in Ba-rich regions decreases, while the
fraction of Sr on the sites increases in these regions.
Let us consider now the case when after cooling from the
temperature T01 共points 1 or 3 in Fig. 3兲 to the temperature
T1⬘ the system comes to the region of the PD between the
solvus and the spinodal 共points 2 or 4 in Fig. 3兲. It is easy to
see from Eq. 共10兲 that the condition d2F共c兲 / dc2 ⬎ 0 is satisfied in this region of the PD. For all points c⬘ inside this
interval, the homogeneous solid solution is stable with respect to infinitesimal heterogeneity. Indeed, if d2F共c兲 / dc2
⬎ 0, it is always possible to choose an infinitesimal region of
concentrations c1⬘ ⬍ c⬘ ⬍ c2⬘ in the vicinity of the point c⬘,
where d2F共c兲 / dc2 ⬎ 0. This curve lies below the straight line
connecting the points 共c1⬘ , F共c1⬘兲兲 and 共c2⬘ , F共c2⬘兲兲. Therefore, the homogeneous single-phase alloy is more stable than
a mixture of two phases having infinitesimally different compositions.
If a homogeneous solid solution characterized by the condition d2F共c兲 / dc2 ⬎ 0 at point c is unstable with respect to
the formation of two-phase mixture with c␣ and c␤ phase
compositions, which are substantially different from the alloy composition, then the alloy is stable, nevertheless, with
respect to an infinitesimally small composition heterogeneity.
This is a metastable solid solution corresponding to points 2
and 4 in Fig. 3. The decomposition reaction in this case
should involve the formation of finite composition heterogeneity. A small increase of Ba atomic fraction beyond the
value c3 共see Fig. 3兲 to the right of the solvus curve leaves
the quasibinary solid solution in the single-phase state. The
system also remains in the single-phase state if the temperature T is changed in order to bring the “alloy” to the state
above the solvus. Thus, based on our analysis, we can formulate a simple thermodynamic rule of how to get nanoparticles of BaTiO3 in SrTiO3 even if the Ba atomic fraction in
BacSr共1−c兲TiO3 is very small 共Sr-rich side of the PD兲. The
Ba-rich compact clusters will arise at low Ba composition if
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the cooling process is such that, at the end, the
BacSr共1−c兲TiO3 system comes into the region of the PD between the solvus and spinodal, with its subsequent decomposition in a two-phase state. A more complicated wormlike or
percolation structure will be obtained if, after cooling, the
system finds itself in the region below the spinodal on the
PD.
At high temperatures 共⬎400 K兲, alloying by Ba atoms
will leave the system in the one-phase state, namely, a disordered Bau Sr quasibinary solid solution immersed as a
simple cubic Ising lattice in the lattice of the remaining crystal 共i.e., in the lattice formed by Ti and O atoms兲. It is difficult to reach thermodynamic equilibrium in this single-phase
state at low temperature because the solubility region at
rather low temperature T1⬘ in Fig. 3 is extremely narrow. The
decomposition reaction for low Ba concentration in
BacSr共1−c兲TiO3 involves the formation of finite composition
heterogeneity and follows the cluster formation mechanism.
Particles of the Ba-rich phase formed in this region of PD are
well separated. They have low connectivity and may be considered as isolated BaTiO3 nanoclusters. The number of Sr
atoms in these clusters is extremely small. This situation is
typical for the decomposition of a binary dilute solid solution
with a limited solubility.43,44 The analogous decomposition
with the formation of Sr-rich particles occurs also at the Barich side of the PD. In the thermodynamic analysis of a cluster of given size, one is interested neither in the history of its
appearance nor in its time evolution. We consider the cluster
as a static formation, which is in a partial or complete thermodynamic equilibrium with the ambient old phase.
The spinodal decomposition in BacSr共1−c兲TiO3 solid solution means that at low temperatures and small Ba-atomic
fractions there exist clusters in the old phase that consist of a
large number of Ba atoms 共i.e., we have clusters of “almostpure” BaTiO3 in almost pure SrTiO3兲. In contrast, when the
Ba-atomic fraction in BST is large, we may obtain 共at low
temperatures兲 the clusters of almost pure SrTiO3 in almost
pure BaTiO3. Keeping in mind the discussed changes of the
morphology in the BacSr共1−c兲TiO3 system, as the temperature
decreases or the atomic fraction is varied, we may connect
the real experiment facts on the ferroelectric phase transitions with the spinodal decomposition in this perovskite alloy.

V. INTERPRETATION OF AVAILABLE EXPERIMENTS

As we mentioned in the Introduction, the SrTiO3-type
AFD phase exists up to the critical Ba concentration ccr
⬃ 0.094 共Ref. 9兲, which separates the PD into the two regions, one with AFD phase transition 共c ⬍ ccr兲 and another
with the sequence of three BaTiO3-type ferroelectric phase
transitions 共c ⬎ ccr兲. As one may see from Fig. 2, we predict
that at Tcr ⬇ 100 K the transition takes place from the structure with Ba-enriched BaTiO3 clusters embedded into almost
perfect SrTiO3 matrix 共the region between the solvus and
spinodal兲 to the percolated, wormlike, loose structure 共existing below the spinodal, where these ferroelectric transitions
may occur兲. At the same time, the observed9 local polariza-

tion inside the nonferroelectric AFD phase, according to our
approach, could be related to the formation of small Ba-rich
individual clusters that are formed in the region between the
solvus and spinodal. This justifies the assumption made in
Ref. 9 and the measured, therein, magnitude of spontaneous
polarization in dilute BacSr共1−c兲TiO3, which is comparable to
that observed in the ferroelectric phases of Ba-rich compounds. It worth noting in this context that the number of
Ba-rich clusters on the left side of the PD and their fine
structure strongly depend on the regime of temperature decrease and may affect a whole pattern of phase transitions in
this region. For example, if these clusters are very 共approx.
several nanometers兲 small and their number is large, the
ferroelectric phase transitions are sufficiently damped by the
external pressure on these clusters from the Sr-rich matrix.
This pressure is caused by the 2.5% mismatch of the BaTiO3
and SrTiO3 lattice parameters. The glassy state8 formed at
very low temperatures 共⬍20 K兲 and at very small Ba concentration 共c ⬍ 0.035兲 in BacSr共1−c兲TiO3 perovskite solid solution may be associated with the cluster-type morphology of
the solid solution between the spinodal and binodal, in the
very bottom at the left corner of the PD in Fig. 2. In this
context, the question8 “is it really important to have offcenter impurity ions for glasslike behavior in these systems”
has a special sense. Actually, we may have a specific morphology of the BST solid solution, analogously to dilute
Ising ferromagnetics 共e.g., Ref. 45兲 that may be interpreted
as the glassy state with ferroelectric properties induced by
the off-center impurities, which are sufficiently suppressed
by the surrounding matrix pressure. On the contrary, in BST
the mechanism of quadrupole moment formation due to elastic strain induced by the lattice mismatch between the Barich regions and STO matrix may be predominant.
Our results combining alloy thermodynamics with ab initio calculations, are also supported by the experimental
data10 where the existence of polar Ba-rich nanoregions in
dilute BacSr共1−c兲TiO3 thin films was evidently proved. It was
shown that the BST film lattice dynamics is remarkably similar to that observed in the PMN relaxor ferroelectric. In relaxors the formation of polar nanoregions is caused by the
compositional heterogeneity.46 As follows from our results,
analogous heterogeneity may also arise in BST. This happens
at relatively low temperatures, and formation of Ba-rich clusters is just the result of the BST spinodal decomposition.
Thus, the formation of polar nanoregions in BST is not necessarily associated with the presence of oxygen vacancies
causing the TO phonon hardening. In fact, this may be also
stimulated by the external pressure on BaTiO3 clusters immersed into SrTiO3 matrix. The fact that analogous effect
was not observed in the BST bulk single crystals may be
explained by the freezing down the kinetics of such cluster
formation in the corresponding measurements or cluster
number was not sufficient to find interaction of Ba-rich nanoregions, as it occurs in the film. At the same time, from the
microscopic point of view, the BST film of the thickness
about 1 m 共Ref. 10兲 contains about 2.5⫻ 103 cubic cells in
the height and thus is thick enough to be considered as a
media where the spinodal decomposition may occur.
In our nonempirical study of the PD for quasibinary
BacSr共1−c兲TiO3 perovskite solid solution we consider actually
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the ground-state energies of the competing cubic phases, and
a reasonable question arises as to what extent the neglect of
the ferroelectric transitions to the low-temperature noncubic
phases is significant and how it may affect our predictions.
To answer this question, we should remind that the formation
energies, ⌬U in Eq. 共8兲 define the competition of the ordering and decomposition processes. These values are
⬃0.2– 0.35 eV, while as follows from recent ab initio
calculations36 the values of the total energy differences between cubic, tetragonal, and rhombohedral structures in
BaTiO3 are only 0.035– 0.008 eV per cell 共i.e., at least, one
order of magnitude smaller兲. Analysis of the potential energy
surfaces of atomic displacements for Ba and Ti in BaTiO3
共Ref. 47兲 shows also that the corresponding potential barriers
for Ti具001典 and Ti具111典 displacements do not exceed
0.02 eV, and for Ba具001典 displacements the potential energy
surface is a single well. For incipient SrTiO3 the potential
energy surface has naturally the single-well shape for
Ti具001典, Ti具111典, and Sr具111典 displacements. These data justify our consideration.
From the analysis of the PD obtained in our calculation, it
follows also that in the case of BacSr共1−c兲TiO3 perovskite
solid solution close to the point c ⬇ 1, the analogous decomposition should occur with the formation of Sr-rich clusters
immersed in Ba-rich BaTiO3 matrix. More details on the
spinodal phase separation and the additional effects caused
by such a decomposition one may find, for example, in
Ref. 47.
VI. CONCLUSIONS

In this paper, we have developed a thermodynamic formalism based on ab initio electronic structure calculations
and applied it to the BacSr共1−c兲TiO3 perovskite solid solutions. The characteristic feature of our approach is that we
consider ordered structures on the Bau Sr simple cubic sublattice. Although these artificial structures are unstable with
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