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In order to describe theoretically metallic island growth at the early stages of metal deposition on oxide
substrates, we combined ab initio atomic and electronic structure calculations with thermodynamic theory of
solid solutions. The experimentally observed truncated pyramidal shape of metallic clusters is reproduced as
the result of metal atom segregation from the lattice gas in imaginary Ising lattice towards the metal/substrate
interface. Our approach is illustrated by detailed analysis of Cu islands on a MgO�001�-terminated surface. We
predict dependencies of the shape and the height of such clusters on the temperature and metal gas pressure.
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Nanometer-size metal particle growth on metallic or oxide
substrates is relevant for micro- and nanoelectronics, optical
devices, and catalysis.1,2 Control of metal particle size and
shape plays here a vital role. It is well recognized nowadays
that during epitaxial growth of Ag, Cu, and Pd thin films on
MgO substrate, three-dimensional �3D� metallic clusters be-
gin to grow already at submonolayer coverages.2,3 Grazing
incidence small-angle x-ray scattering experiments2–5 indi-
cate that these clusters have a shape of a truncated pyramid
or octahedron. A pyramidal island shape is expected on all
substrates with fourfold atomic coordination, for example,
�001� surfaces of fcc oxides �e.g., Refs. 4–6�. A schematic
view of such cluster is shown in Fig. 1�a�.

In the past, kinetics approaches �Ref. 7 and references
therein� have given very successful understanding of metal
on ionic �oxide� morphologies. Recently, we developed the
complementary thermodynamic approach8–10 based on the ab
initio energetics of the metal/oxides interfaces. We studied
there the initial stages of the Cu or Ag cluster growth on
MgO�001� substrate at submonolayer coverages by combin-
ing atomic/electronic structure calculations with the theory
of spinodal decomposition in a two-dimensional �2D� solid
solution of “adatom-empty lattice site �E� �Cu/Ag-E�” �the
adsorbate first plane embedded into the electrostatic field of
the substrate�. We have shown that at moderate temperatures
and corresponding compositions in a Cu/Ag-E solid solution
on the phase diagram, the system turns out in the region
between solvus and spinodal, which leads to a two-phase
mixture of extremely compact 2D metallic islands and prac-
tically empty-site regions. For example, at T �550 K the
isolated 2D Cu islands with the local atomic fraction 0.997
of Cu are formed, whereas the mean concentration of Cu on
the MgO substrate was varied from 0.02 to 0.15 �see Fig.
6�b� in Ref. 8�. In this paper exploring the idea of the lattice
gas on the Ising lattice,9,10 we extend our approach on ab
initio thermodynamics of 3D Cu cluster formation on a
MgO�001� surface. Our study is based on a synthesis of �i�
the results of our ab initio calculations,8 �ii� the ideas of
Bozzolo-Ferante-Smith �BFS� for the atomistic modeling of

surface alloys,11 and �iii� thermodynamic theory of the seg-
regation in binary solid solutions. The uniqueness of our
thermodynamic approach is its ability to predict the size and
shape of the growing 3D clusters at different concentrations
of the metal atoms in the vapor above the MgO substrate and
at different temperatures.

In order to study growth of 3D metallic islands, we con-
sider an imaginary lattice above �i.e., away from the semi-
bulk� the MgO surface. In this imaginary lattice, Cu atoms
can diffuse, rather like a gas of Cu atoms on a discrete lattice
�in other words, this is “Cu atom-empty lattice site” solid
solution�. These atoms experience interactions with the MgO
substrate and with each other. The formation of 2D metallic
clusters of Cu �Ref. 8� on MgO may be considered as the

FIG. 1. �a� Schematic view of the 3D Cu cluster on MgO�001�
substrate, and b� imaginary lattice with dense Cu layers forming the
pyramidal 3D metallic cluster during the segregation onto the
substrate.
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segregations of Cu onto the first plane of such Ising lattice.
These 2D clusters serve in fact as the nuclei of 3D Cu is-
lands. The identity of the thermodynamic approaches for the
segregation and adsorption at the interface is discussed in
Ref. 12. It is well known that when the surface segregation
of a component A �Cu, in our case� on the surface of A–E
�E stands for empty sites� alloy occurs, the concentration
profile of surface segregation for this component decreases
from the surface inwards the bulk.13

Following Ref. 11, we introduce the active computational
cell, namely, a small sample of the real Cu/MgO interface.
In this cell we choose the region on the MgO substrate that is
pure Cu �this is justified by our above-mentioned
studies8–10�. We aim to investigate equilibrium states rather
than kinetics, so we do not look at the rate at which a Cu on
the surface might climb on top of a cluster of N layers. In the
same spirit, we allow layer by layer to grow, subject to rules
and energies, first of all, the conservation of the total Cu
concentration in the N-layer computation cell. The calcula-
tion scheme14–16 was used here. As follows from our ab ini-
tio study,8 Cu atoms prefer to occupy positions above O at-
oms. For this reason the lattice parameter of the Ising lattice
above the MgO�001� substrate was chosen equal to the
O-O distance on the MgO�001� surface.

Each imaginary lattice layer p=1,2. . . in the cell is char-
acterized by the average metal concentration cp, and the area,
Sp, it covers �Fig. 1�b��. Since we assume dense 3D metallic
clusters, the following relation takes place:

Sp+p�/Sp = cp+p�/cp, p,p� = 1,2,3 . . . . �1�

In the basal plane of such 3D Cu island concentration
c1=1, whereas at its top cp�1=cvap, where cvap corresponds
to the atomic fraction of Cu in the vapor reservoir represent-
ing the computational cell. Thus, the height of the islands is
defined by the shape of the concentration profile for the sur-
face segregations in Cu-E 3D solid solution. Let us discuss
now how to obtain the size and shape of 3D cluster at dif-
ferent temperatures based on a thermodynamic approach.

Several alternative approaches exist in the configurational
thermodynamics methods for describing the surface concen-
tration profiles for segregation in surface solid solutions and
alloys. The advantages and disadvantages of these ap-
proaches as combined with first-principles calculations of in-
teraction in the alloys are discussed in Ref. 13.

Here we choose the free-energy concentration expansion
method �FCEM�.14,15 This statistical-mechanical analytical
approach, based on the Ising model Hamiltonian, is known to
agree with Monte Carlo �MC� results much better than the
standard Bragg-Williams theory. It is quite accurate and
simple to apply, demanding much less computational effort
compared to MC or cluster variation methods. In FCEM,
additional terms of the higher orders in the site occupation
numbers are included into the free energy, in order to ac-
count for the correlation effects in alloys.

Using the Ising model in which “spin” variables ��i� de-
scribe the site occupations, we set �i equal to 1 �−1� pro-
vided the site i is occupied by a Cu atom, or it is empty. The
Cu-E alloy configurational energy can be written as in Refs.
15 and 17:

E =
1

2�
p
	 �

m�p-layer

�Hp
s�m
 +

1

2 �
�mn�

Vmn��m�n − 1� . �2�

By analogy with the phenomenological models,18–20 �Hp
s

accounts for atomic size mismatch �e.g., elastic� energy. We
treat the atomic size mismatch energy in the first layer �H1

s

in the same way as in Ref. 8 whereas �Hp
s for p�2 follow-

ing Ref. 17. To the first approximation and similarly to a
study17 on PtcNi1-c alloys, the difference in tensions between
constituents within the p layer, �hp is neglected. Vmn in Eq.
�2� is the effective pair interaction �mixing potential� defined
in terms of the interaction energies between the correspond-
ing quasiparticles, Vmn

CuCu, Vmn
EE, and Vmn

CuE, at the sites m and
nin the Cu-E solid solution. Symbol �mn� denotes a pair of
lattice sites, whereas

Vmn =
1

2
�Vmn

CuCu + Vmn
EE − 2Vmn

CuE� . �3�

Keeping in mind that ��m�=2Cm−1, where Cm is the oc-
cupation probability of the lattice site m,21 and that the
Bragg-Williams �BW� configurational entropy for a random
alloy may be presented as a sum over layers �with Np sites in
pth layer�,

SBW = − k�
p

Np�cp ln�cp� + �1 − cp�ln�1 − cp�� , �4�

after averaging Eq. �2� over all possible configurations, the
configurational free energy in the BW-type approximation
may be written down as

FBW� = kT�
p

Np�cp ln�cp� + �1 − cp�ln�1 − cp��

+
1

2�
p

�Np��hp + �Hp
s ��2cp − 1��

+
1

2 �
�mn�

Vmn��2Cm − 1��2Cn − 1� − 1� . �5�

In our case, Np is the same for all layers of the simulation
cell �see Fig. 1�b��. cp is Cm averaged over all lattice sites in
the layer p. In our case of absolutely disordered Cu-E solid
solution in the computation cell, all Cm values are equivalent
within the same layer, and cp are just equal to Cm if the site
m belongs to the layer p. However, this is not true in the
general case, e.g., when the sites in a layer are inequivalent
due to existence of several sublattices.

The correlation effects leading to the short-range pattern
formation are considered in the FCEM through the expan-
sion of the short-range order contribution into the free en-
ergy, �FSRO, in the reverse-temperature power series on
cumulants.22 This term in the nearest neighbor approxima-
tion reads:14
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�FSRO = − kT �
�mn�

Cm�1 − Cm�Cn�1 − Cn�
exp	−
2Vmn

kT



+
2Vmn

kT
− 1� . �6�

For more mathematical details, we refer the readers to Ref.
23, where the correlation effects in ordering alloys were dis-
cussed, and to Ref. 24 where analogous results for “atom-
vacancy” solid solutions were considered.

The total configurational free energy of the Cu-E random
solid solution is

F = FBW� + �FSRO. �7�

Lastly, the probability of finding the nearest Cu-Cu pair
on the Ising lattice sites m and n is given by14

pmn = CmCn − Cm�1 − Cm�Cn�1 − Cn�
1 − exp	−
2Vmn

kT

� ,

�8�

which obviously differs from a simple product CmCn, for the
pair probability in a completely random solid solution. The
occupation probability of the n site by the Cu atom provided
the site m is also occupied by Cu, is p̃mn= pmn /Cm. In Eqs.
�2�–�8� the indices �mn� run not only over the sites within the
same layer p, but also between nearest layers: �p , p+1� for
p=1 and �p , p−1, p+1� for p�1.

In order to obtain the mixing potential Vmn, we have per-
formed ab initio calculations8 using the CRYSTAL-2003
code.25 In these calculations we have used the DFT-HF hy-
brid Becke 3-Parameter, Lee, Yang and Parr �B3LYP�
exchange-correlation functional and localized atomiclike
Gaussian functions. We have optimized the Cu basis set us-
ing small core Hay-Wadt pseudopotentials, whereas Mg and
O have been treated as all-electron ions �see more details in
Ref. 8�. Briefly, the procedure of extracting the mixing po-
tential is based on the calculations of the internal formation
energies for several completely ordered superstructures that
may be formed in two-dimensional �2D� Cu-E solid solution
above the �001�-terminated MgO substrate.8–10 The chosen
structures are stable with respect to formation of antiphase
domains according to the Lifshitz criteria.26 The internal for-
mation energies for these superstructures may be expressed

in terms of Fourier transforms, Ṽ�k��, of the mixing potential
Vmn

CuCu+Vmn
EE−2Vmn

CuE. Our calculations demonstrated that these
structures are energetically unfavorable with respect to the
ground state which is a mixture of the components of 2D
solid solution weighted with their atomic fractions. Solving
the set of equations for the internal formation energies for

these structures, the Fourier transform Ṽ�0� corresponding to

k� =0 was obtained. As shown in Refs. 9 and 10, Ṽ�0� is a key
energy parameter defining the solubility or decomposition of
disordered solid solution at finite temperatures.

The Ṽ�0� calculated in this way accounts for the charge
redistribution in 2D solid solution immersed in the field of
the �001�-terminated MgO substrate.9,10 In Ref. 8 we went
beyond the standard solid solution approximation, and found

that this potential depends on the atomic fraction of Cu in a
2D solid solution. The existence of the concentration-
dependent term in the potential appears as the result of the ab
initio optimization of the distance between the Cu monolayer

and the MgO substrate. The Ṽ�0� could be well fitted to the
function

Ṽ�0� = − 0.6858 − 0.0823c�eV� , �9�

being negative for all Cu concentrations �c stands here for
the concentration of Cu in the 2D solid solution�. This al-
lowed us to calculate the “temperature-composition” phase
diagram of 2D Cu-E solid solution. We demonstrated in Ref.
8 the decomposition of such solid solutions at finite tempera-
tures and predicted the formation of 2D dense Cu islands in
the region between the binodal and spinodal.

To generalize here our approach,8–10 let us consider now
the growth of 3D Cu clusters above the 2D Cu islands in
terms of the segregation of Cu in the vicinity of the �001�-
terminated MgO substrate, and use Eqs. �5�, �6�, and �7�.
Using the Ṽ�0� obtained from ab initio calculations, we de-
fine the effective mixing potential, Vmn �Eq. �3��, for the
layer p=1 in the nearest-neighbor approximation. �Such ap-
proximation was used also in Ref. 17 and is justified by the
electronic structure calculations for fcc alloys.27� This gives

Vmn =
1

8
Ṽ�0� � V0 = − 0.0857 − 0.0103c �eV� , �10�

where m ,n sites lie in the first layer nearest to the surface,
p�1. Keeping in mind that the effective pair interaction is
enhanced at the oxide surface, we use the relation17

Vmn = V0/1.5, �11�

if atoms in n or m, or both sites of the computation cell lie in
the deeper metal layers, p�2, i.e., in the bulk of 3D Cu-E
solid solution. This permits us to transfer the results of the
2D ab initio calculations of the effective mixing potential,
Vmn for the 3D case. Such the generalization is also justified
by �a� a very low charge transfer across the Cu/MgO inter-
face which is in fact physisorption,8 �b� a rather weak depen-
dence of the mixing potential on the atomic fraction of Cu as
obtained in our ab initio calculations, and �c� the results of
the study15 of the effect of composition-dependent inter-
atomic interactions on the surface alloying and on the segre-
gation, where the significant changes in the concentration
profiles for Cr segregation on the Fe�100� substrate are found
only when Vmn changes sign �mixing tendency changes to
decomposition�.

In our calculations we used the computational cell con-
taining N=103 �001� layers, with 600 sites per layer �that is,
about 50 Å�50 Å�, that simulates a thick Cu-E solid solu-
tion on the fcc Ising lattice above the substrate. The Cu con-
centrations in 21 layers above the MgO were varied, in order
to find the minimum of the free energy for N-layer surface
alloy and to obtain the in-depth layer-by-layer concentration
profiles of segregated Cu atoms at different temperatures. In
this minimization the total atomic fraction of Cu atoms in the
vapor reservoir, cvap was fixed constant �cvap=0.01 and
cvap=0.3�.
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Following Ref. 15, our model takes into account the de-
pendence of interatomic interactions Vpq on the local average
concentrations c̃p,q of metal atoms surrounding the m ,n pairs
of the lattice sites which could lie either in the same layer or
the two nearest layers p and q. In the free energy minimiza-
tion, along with the direct variation of concentrations within
different layers, an indirect variation of the interlayer and
in-layer concentration-dependent interactions Vpq=V�c̃p,q�
�Eqs. �10� and �11�� is also performed. According to Ref. 15,
in fcc structure the nearest neighbor �NN� approximation is
quite sufficient. The local effective interactions Vpq between
lattice sites in the �001�-oriented p and q layers �q
= p , p±1� were calculated here using the average concentra-
tions in the NN environment of each pair of lattice sites.
Explicitly, the method15 was applied, and the equations for
the average concentrations were derived. For p ,q=1 and p
=1, q=2 these average concentrations read

c̃1,1 =
1

14
�8c1 + 6c2� , �12�

c̃1,2 =
1

16
�6c1 + 6c2 + 4c3� , �13�

whereas for p�1 one easily gets

c̃p,p =
1

20
�6cp−1 + 8cp + 6cp+1� , �14�

c̃p,p+1 =
1

20
�4cp−1 + 6cp + 6cp+1 + 4cp+2� . �15�

Let us discuss now results for Cu growth on the MgO
substrate. In Fig. 2 the calculated concentration profiles for
Cu in a computational cell �Fig. 1�b�� with two vapor con-
centrations cvap=0.01 and 0.3 are presented at different tem-
peratures. From Fig. 2�a� the conclusion can be drawn that
for small Cu concentration in the vapor, the Cu concentra-
tions in a cluster are close to unity at low temperatures only
and in several layers very close to the Cu/MgO interface. In
the more distant layers the Cu concentration sharply de-
creases and becomes extremely low, close to cvap=0.01. Sub-
stitution of the data on cp into Eq. �1� gives the relative areas
Sp in 3D clusters. For layers remote from the surface cp
�cvap and thus a dense Cu layer cannot be formed. This
leads to the truncated shape of the metallic cluster as shown
schematically in Fig. 1. For relatively small number of atoms
in a 3D cluster, its shape preserves the structure of the crys-
talline lattice and thus should be a pyramidal, rather than
conic shape. As the temperature increases, the Cu concentra-
tion rapidly decreases in several layers close to interface. The
areas of the dense layers decrease as well as the number of
the dense layers in the truncated pyramids �Fig. 3�. For
higher Cu concentrations in a vapor �Fig. 2�b��, the situation
is similar, but quantitatively differs in the number of dense
areas in the pyramids. Comparing the results for cp at the
same temperature �say, 700 K�, we find that the number of
the dense layers increases from six to ten, as the vapor con-
centration increases from cvap=0.01 up to 0.3.

In Fig. 4 we present schematically the shape of the pyra-
mids obtained at three different temperatures for cvap=0.01.
The basal area of the pyramid at T=400 K is taken as unity.

FIG. 2. �Color online� Concentration profiles of Cu segregation
on the �001� surface from the semi-infinite Cu-empty site imaginary
lattice above the �001� terminated MgO substrate: a� the Cu con-
centration in a vapor above the substrate �a simulation cell�,
cvap=0.01, b� the same for cvap=0.3.

FIG. 3. �Color online� Relative areas of the layers inside 3D Cu
clusters on the �001� MgO substrate at the early stage of a Cu
deposition. Lines are given to guide the eye.
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At this temperature a Cu cluster has a columnlike shape with
a small-height truncated pyramid atop it. As the temperature
increases to 600 K, the column height decreases whereas the
height of the truncated pyramid increases. The total height of
the Cu cluster becomes smaller as well as the number of
atoms inside the cluster. Lastly, at T=800 K we observe the
truncated pyramid containing only two planes.

The temperature dependence of the height of the cluster is
illustrated in Fig. 5, it decreases parabolically from �10 Å
down to �2 Å. Simultaneously, the area of the basal plane
decreases. This means that with the temperature increase the
relative amount of atoms in the cluster decreases due to
strongly reduced segregation trend. Our results are in good
agreement with the interpretation of the experimental data
suggested in Ref. 2. Indeed, along with the similar pyramidal
shape of the 3D metallic clusters, we have demonstrated that
even for relatively low Cu concentration in the vapor, the
clusters may grow up several-plane high, which is experi-
mentally observed.2 The results of our calculations are also
in good agreement with the model used for fitting the crystal
truncation rods of Ag on MgO�001� �See Fig. 8 in Ref. 4�.
Experimental check of the predicted temperature dependence
could be of great interest.

In conclusion, our general approach, based on the combi-
nation of the ab initio electronic structure calculations and
the thermodynamics of alloy segregation, permits much more
detailed and realistic prediction of the growth of nanosize
clusters on ceramic substrates than was possible before. In
particular, we go beyond the standard nonempirical approach
based on the analysis of the surface energy of the metal28

linked to the wetting angle by the Young-Dupré relation.29

The additional advantage of our thermodynamic approach is
that it takes into account the metal-substrate interaction.8
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