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Whipple’s solution of the problem of grain boundary diffusion and Le Claire’s relation, which is
often used to determine grain boundary diffusion coefﬁcients, are examined for a broad range of
ratios of grain boundary to bulk diffusivities ⌬ and diffusion times t. Different reasons leading to
errors in determining the grain boundary diffusivity 共DGB兲 when using Le Claire’s relation are
discussed. It is shown that nonlinearities of the diffusion proﬁles in ln Cav − y 6/5 plots and deviations
from “Le Claire’s constant” 共−0.78兲 are the major error sources 共Cav = averaged concentration,
y = coordinate in diffusion direction兲. An improved relation 共replacing Le Claire’s constant兲 is
suggested for analyzing diffusion proﬁles particularly suited for small diffusion lengths 共short times兲
as often required in diffusion experiments on nanocrystalline materials. © 2008 American Institute
of Physics. 关DOI: 10.1063/1.2887993兴
I. INTRODUCTION

Grain boundary 共GB兲 diffusion plays a crucial role in
many technological processes and can, thus, determine the
kinetics of processes such as corrosion or stoichiometry
variations in oxides. The number of experimental and theoretical works devoted to determining and understanding DGB
is enormous, and the ﬁeld still beneﬁts from recent improvements in experimental tools used for proﬁle measurements
such as secondary ion mass spectroscopy1 or auger electron
spectroscopy.2 These techniques are also particularly interesting for analyzing GB diffusion in nanocrystalline materials since they allow measuring very shallow diffusion proﬁles and low concentrations.3 At a ﬁrst glance, the
procedures to ﬁnd DGB from measured diffusion proﬁles
seem to have been settled since many years. In particular, Le
Claire’s relation 共see discussion below兲 is commonly used
for analyzing experimental data in cases in which the diffusion proﬁles were measuLered under conditions of the socalled type-B kinetics4 which simply means that the diffusion length in the bulk 共grain兲 LG is larger than the GB
thickness but much smaller than the average grain size. Limits and underlying assumptions of this model are partly discussed in the literature and can become particularly critical
when dealing with nanomaterials which are in the focus of
research due to size effects that can drastically change materials properties.5,6
Since most of the signiﬁcant contributions related to the
DGB determination has already been described in excellent
reviews,7 we restrict ourselves here to a brief discussion of
the basics together with some recent progress 共see also Sec.
II兲. Fisher8 suggested a mathematical model describing fast
GB diffusion on the basis of Fick’s second law, and later
Whipple9 obtained an analytical solution to Fisher’s system
a兲

of diffusion equations. Le Claire suggested a relation for
determining DGB from one-dimensional diffusion proﬁles
based on a numerical integration of a simpliﬁed Whipple’s
solution under certain assumptions.7,15 Later Fisher’s model
and Whipple’s solution were modiﬁed to take account of
various effects neglected in the model. For example, Szabo
et al.10 described a procedure to include a segregation factor,
whereas Mishin11 used Whipple’s solution to analyze the effects of GB orientation to the surface. Recently, we published a paper on numerical solutions of a modiﬁed model
that includes space charge layers being important in ionic
materials.12 Chung and Wuensch13 have reported on related
problems and suggested a new analysis procedure for the
determination of DGB. Shaw and Shaw14 also avoided Le
Claire’s relation and wrote a program for ﬁtting the measured
diffusion proﬁle to Whipple’s solution. They applied their
ﬁtting program to several experimentally determined diffusion proﬁles taken from the literature but also reported cases
for which the ﬁtting program gave unreasonable results.
In the present work Le Claire’s relation is re-examined
by numerical calculations, particularly for diffusion in materials with nanosized grains thus requiring small diffusion
TABLE I. A comparison of the derivatives at the maximum found by using
calculated dependences 共true兲 and Eq. 共9兲 for ⌬ = 2.2⫻ 104.
t 共s兲

 ln Cav / w6/5 = f共w6/5兲true

 ln Cav / w6/5 = f共w6/5兲Eq. 共9兲

2 ⫻ 103
3.6⫻ 103
4.7⫻ 103
8.2⫻ 103
10.7⫻ 103
13.2⫻ 103
1 ⫻ 105
5 ⫻ 105

−0.99
−0.94
−0.92
−0.89
−0.87
−0.86
−0.80
−0.78

−1.00
−0.94
−0.92
−0.88
−0.87
−0.86
−0.80
−0.78
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lengths as to stay within conditions of type-B diffusion
regime.4 Section II deals with the basics of Fisher’s system
and Whipple’s solution used to calculate diffusion proﬁles,
and in Sec. III our main results are presented, revealing the
problems related to the determination of DGB from Le
Claire’s relation. In the same section an improved relation is
suggested for deducing DGB from measured diffusion proﬁles.
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is based on Fick’s second law for both bulk and GB and
deals with the situation of a single GB perpendicular to the
surface of a semi-inﬁnite material 共isolated boundary
model7兲. Only this situation is considered in the present
paper. The isolated boundary model is symmetrical with
respect to x = 0 and two dimensional 共2D兲. In Eq. 共1兲 ␦ is the
GB thickness, CG and CGB are the concentrations in grain
and GB, respectively, while DG denotes the bulk diffusion
coefﬁcient; t is the diffusion time. Lateral concentration
variations in the GB are neglected.
The exact analytical solution of Fisher’s system
关Eq. 共1兲兴,
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was obtained by Whipple9 for the case of a constant source at
the free surface and consists of a sum of bulk and GB contributions. C0 is the concentration at the free surface and 
the integration variable. The solution comprises the dimensionless quantities ⌬ and ␤ deﬁned by
⌬ ⬅ DGB/DG

共3兲

and

␤⬅

共⌬ − 1兲␦
2 冑D G t

.

共4兲

The latter quantity includes the ratio ␣ of the thickness ␦ and
the diffusion length LG = 冑DGt,

␣⬅

␦

.
2 冑D G t

冑 冉

␦DGB = 1.322

II. FISHER’S SYSTEM, WHIPPLE’S SOLUTION, AND
LE CLAIRE’S RELATION

Fisher’s system of differential equations

The integration of Whipple’s solution provides a 2D distribution of concentrations within the bulk. However, experimentally determined diffusion proﬁles usually consist of
concentrations averaged in planes parallel to the surface, i.e.,
perpendicular to the GB. Le Claire suggested a way how
DGB can be obtained from such diffusion proﬁles by integrating Whipple’s solution under certain assumptions 共see below兲. He found15

共5兲

 ln Cav
DG
−
t
y 6/5

冊

−5/3

,

共6兲

with Cav denoting the averaged concentration in the bulk
similar to the quantity measured in experiments 共Ref. 7兲
which is normalized to C0 for all the results discussed in the
present work. This relation is frequently used to determine
DGB of many different types of materials 共coarse grained,
nanocrystalline, ionic materials, metals, etc.兲, if the conditions of type-B kinetics are satisﬁed and ␦ and DG are known
or can be estimated.

III. RESULTS AND DISCUSSION
A. Accuracy of Le Claire’s relation in determining DGB

Whipple’s solution was integrated by using the mathematical program MATLAB 共Ref. 16兲 共function “quadl” based
on adaptive Lobatto quadtrature17兲. If not stated otherwise
the integration was done over the following sizes of a
sample: a length of 500 nm and a width of 25 nm. Diffusion
lengths in the bulk were varied from 0.77 to 12.15 nm and ␦
was ﬁxed to 0.5 nm throughout all calculations. Without loss
of generality a DG value of 2.95⫻ 10−4 nm2 / s is taken which
corresponds to the value obtained in an experimental study
of diffusion of 18O in nominally pure nanocrystalline ZrO2 at
500 ° C.18 One-dimensional diffusion proﬁles with averaged
concentrations Cav共y , t兲 were calculated for ratios ⌬ from 102
to 105 and a broad range of times 共2 ⫻ 103 to 5 ⫻ 105 s兲. Numerical difﬁculties arising when integrating Whipple’s solution under different conditions were mentioned by Evans19
and are mostly reﬂected in numerical instabilities20 which are
visible in the behavior of the derivative  ln Cav / y 6/5 discussed below. The instabilities increase with the ratio ⌬ and
for small concentrations due to short t. The integration step
along the penetration depth 共y兲 has therefore to be tuned
properly to minimize such problems.
After calculating the diffusion proﬁles, Le Claire’s relation 关Eq. 共6兲兴 was applied in order to determine an apparent
value of GB diffusivity DGB,app and to compare it with the
true value DGB used in the integration. In other words, the
diffusion proﬁles were ﬁtted to straight lines in ln Cav − y 6/5
plots and the slope was exploited in Eq. 共6兲. On the basis of
these values errors in determining DGB were estimated for
different t. In Fig. 1 the errors are shown for all ratios ⌬ used
共solid lines兲. It can be seen that the errors increase with decreasing time, and the largest value observed in the calculation amounts to about 45% for t = 2 ⫻ 103 s and ⌬ = 102,
whereas the smallest error is 1% after 5 ⫻ 105 s for ⌬ = 103.
Interestingly, the corresponding errors also increase at long t
for ⌬ = 2.2⫻ 104 and 105. This effect is discussed below.
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FIG. 2. Variation of the derivative  ln Cav / y 6/5 with y 6/5 obtained for 共a兲
⌬ = 102 and 共b兲 ⌬ = 105.
FIG. 1. Variation of the errors in determining DGB with time 共DGB,app
was obtained by using Le Claire’s relation兲: 共a兲 ⌬ = 102, ⌬ = 103, 共b兲
⌬ = 2.2⫻ 104, ⌬ = 105. Errors were estimated according to 共兩DGB,app
− DGB,true兩 / DGB,true兲 ⫻ 100%.

In order to interpret the errors one has to consider two
aspects, ﬁrst the assumption of a constant slope in the
ln共Cav兲 − y 6/5 plot and second the prefactor of 1.322 in Le
Claire’s relation 关Eq. 共6兲兴. We ﬁrst discuss the alleged constancy of the slope: In Fig. 2 derivatives of the calculated
diffusion proﬁles were plotted against y 6/5. The variation for
small y-values 关part left of the maxima in Fig. 2共a兲兴 can be
related to the prevalence of bulk diffusion 共compared to GB
diffusion兲. However, it can be seen that the proﬁles can also
be rather nonlinear in the so-called GB part for larger y,
especially for short t and moderate ⌬. This raises the question what slope should one use in Le Claire’s relation. It
turns out that the errors in determining DGB from Eq. 共6兲 can
be reduced when the maximum values of the derivative are
used 共Fig. 1, dashed lines兲. To give an example, the error is
reduced from 45% to around 33% for ⌬ = 102 at t = 2
⫻ 103 s. For large ⌬-values 共2.2⫻ 104 and 105兲 and longer t
a maximum is not reached and the value used in Le Claire’s
relation to determine an improved DGB was taken at
y = 500 nm 共end of the sample兲.
In the remaining part of the section a second reason for
the errors will be discussed. It can be understood from the
expression

␦DGB = 2

冑 冉

 ln Cav
DG
−
t
w6/5

冊冉
5/3

−

 ln Cav
y 6/5

冊

−5/3

共7兲

used by Le Claire15 to deduce Eq. 共6兲. The symbol w denotes
the dimensionless depth coordinate according to
w=

y

冑D G t ␤ .

共8兲

共Diffusion proﬁles plotted as a function of w are independent
of ⌬.兲 From an integration of Whipple’s solution, Le Claire
suggested that 共− ln Cav / w6/5兲 = 0.78 共Le Claire’s constant兲
and thus 2共− ln Cav / w6/5兲−5/3 = 1.322. The integration made
by Le Claire uses the approximation that the upper limit of
the integral in Whipple’s solution may be replaced by inﬁnity
共i.e., ⌬ → ⬁兲.15 Also, the integrand in Whipple’s solution was
simpliﬁed. A detailed discussion of this replacement is given
by Kaur et al.7 In order to re-examine this approximation, we
calculated the derivatives  ln Cav / w6/5 for a broad range of
t and ⌬ by using a modiﬁed Whipple solution, i.e., introducing a new integration parameter  = 兵关共⌬ − 兲 / 共⌬ − 1兲兴
⫻共␤ / 兲其1/2. According to Kaur7 this replacement improves
the integration for large values of ␤ especially relevant here
and/or allows the integration to be done under conditions of
⌬ → ⬁. It has been explained in Ref. 7 that the approximation
⌬ → ⬁ may be used when ␤ Ⰶ ⌬ with ␤ remaining ﬁnite. In
the present study ␤ was varied from 2共⌬ = 102 , t = 105 s兲 to
32 518共⌬ = 105 , t = 2 ⫻ 103 s兲 and is thus always smaller than
⌬ even though only by a factor of 3 for small t and very large
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FIG. 4. 共Color online兲 Errors in determining DGB calculated by using improved derivatives 共y 6/5 and w6/5兲 in Le Claire’s original expression 关Eq.
共7兲兴.

FIG. 3. 共a兲 Variation of the derivative  ln Cav / w6/5 as a function of w6/5
calculated by using a modiﬁed Whipple’s solution 共see text兲 for different
ratios ⌬ at t = 2 ⫻ 103 s 共b兲 Variation of the derivatives  ln Cav / w6/5 with
w6/5 for ⌬ = 105 at different diffusion times t 共Whipple’s original solution兲.
Le Claire’s constant is also indicated. The dashed curves were obtained for
increased sample length and indicate problems related to a ﬁnite length.

⌬. According to our results the ratio ⌬ / ␤ = 50 indeed leads to
Le Claire’s constant and the condition ␤ Ⰶ ⌬ should be speciﬁed by ⌬ / ␤ 艌 50. Chung and Wuensch13 suggested the condition ⌬ / ␤共⬇2LG / ␦兲 艌 103 in order to justify the approximation ⌬ → ⬁. This would mean that measurements
characterized by small values of ⌬ could not be evaluated by
Le Claire’s equation.
By using MATLAB one can integrate both the modiﬁed
Whipple solution to account of ⌬ → ⬁ 共also used by Le
Claire兲 and the original one with the upper limit ⌬. In Figs.
3共a兲 and 3共b兲 both integration results are compared. Note that
the derivatives shown in Fig. 3共a兲 were obtained under the
condition of ⌬ → ⬁ at t = 2 ⫻ 103 s, whereas the derivatives in
Fig. 3共b兲 correspond to ⌬ = 105 at different t. So only the
derivative for ⌬ = 105 in Fig. 3共a兲 can be compared with the
corresponding derivative in Fig. 3共b兲 at t = 2 ⫻ 103 s. An almost constant value is indeed arrived at under the approximation discussed 关Fig. 3共a兲兴 but derivatives differ signiﬁcantly from 0.78 when integrating Whipple’s original
solution 关Fig. 3共b兲兴. Deviations are particularly pronounced
for diffusion proﬁles after short times, and the latter is experimentally often important when dealing with nanocrystalline materials. The results of Fig. 3共b兲 also explain the deviations discussed by Szabo et al.,10 and we have to conclude
that there is a regime of short t and/or large ␣ where Le

Claire’s relation indeed may not be applicable.
For a given position of the maximum derivative one
could test a further criterion already discussed in the
literature21 though often ignored in the evaluation of experiments. According to this criterion, the determination of DGB
should be done from those parts of a measured diffusion
proﬁle which satisfy y 艌 5LG. However, in our calculations
the position of the maximum for ⌬ = 102 at t = 2 ⫻ 103 s is
6/5
y max
⬃ 12 nm6/5 共the corresponding diffusion length LG
⬃ 0.77 nm兲 and thus y max is ten times larger than LG. Hence
we have to conclude that the criterion is still not sufﬁciently
strict because it would include a ﬁt of a straight line to those
parts of the diffusion proﬁle which are still strongly inﬂuenced by bulk diffusion. It should be noted that also Chung
and Wuensch11 reported errors in determining DGB when y
艋 10LG. The diffusion proﬁle measured or calculated for
small diffusion lengths still comprises the two distinguishable parts19 and thus suggests that the second part can be
ﬁtted to a straight line according to the conventional procedure. In such cases, however, only the derivative of the proﬁle enables us to realize to which extent the ﬁtting corresponds to the GB diffusion part.
We showed above that the accuracy of a DGB analysis
can be improved when using the maximum value of
 ln Cav / y 6/5. The same is true if the derivative maximum
with respect to the dimensionless coordinate w is considered
in Le Claire’s original relation 关Eq. 共7兲兴. The corresponding
reduction of the error is shown in Fig. 4 and errors result
which do not exceed 1% for all the ratios ⌬ at short t. The
error still increases for t ⬎ 104 if ⌬ = 2.2⫻ 104 and 105. This,
however, is due to the fact that the standard length of the
sample used in the numerical study 共500 nm兲 is still too short
to reach the maximum of the derivative for such parameters.
This is particularly well seen in the behavior of
 ln Cav / w6/5 = f共w6/5兲. The solid lines in Fig. 3共b兲 indicate
the derivative’s values for 500 nm, whereas the dashed lines
were obtained by increasing the sample length. The errors in
Fig. 4 were determined by using the value of  ln Cav / w6/5
taken at the maximum;  ln Cav / y 6/5 was either taken at the
maximum 共if available兲 or at the end of the sample for
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FIG. 5. The maxima of the dependences  ln Cav / w6/5 = f共w6/5兲 plotted
against the dimensionless parameter ␣ for different ratios ⌬.

⌬ = 2.2⫻ 104 and 105 at t ⬎ 104 s. The arrows in Fig. 4 also
show the effect of taking the derivative  ln Cav / w6/5 at the
end of the sample 共improved derivative兲. If the derivatives
are obtained at the same point, then DGB can be determined
very accurately. However, in true experiments an analysis of
 ln Cav / w6/5 is not possible since w includes the unknown
parameter DGB, and we suggest that both derivatives should
be taken at the corresponding maxima. Hence in the following section we suggest a relation which is particularly useful
for small diffusion lengths in order to properly include a
meaningful value of  ln Cav / w6/5 in the analysis.
B. An improved procedure for calculating DGB

According to our calculations the validity range of Le
Claire’s relation is rather limited; errors may easily occur for
short diffusion lengths in the bulk 共short times兲. Hence a
modiﬁed expression is desirable which avoids or minimizes
errors. In the following we show how to replace Le Claire’s
constant 关or 1.322 in Eq. 共6兲兴 by a modiﬁed expression. In
Fig. 5 the maximum values of the derivatives with respect to
w are plotted versus the dimensionless parameter ␣ which is
connected to 冑t. These values almost lie on a straight line
and correspond to

 ln Cav
= − 0.77 − 0.71␣ .
w6/5

共9兲

For ␣ close to zero Le Claire’s constant 共−0.78兲 results almost exactly. Only for ⌬ = 102 slightly enhanced values of
 ln Cav / w6/5 can be found and Eq. 共9兲 becomes somewhat
inaccurate. Table I provides a comparison of the derivative’s
values obtained by using Eq. 共9兲 with those directly taken
from the integrations discussed above. Equation 共9兲 can thus
be used to calculate the maximum value of  ln Cav / w6/5, if
␣ is larger than 0.02. We thus suggest replacing the value of
Le Claire’s constant by Eq. 共9兲 when determining DGB at
short t. Please note that the value of ␣ can be calculated only
for known DG. From the results discussed so far, it follows
that at least for short diffusion lengths 共i.e., nanocrystalline
materials兲 the following steps are important to properly determine DGB: 共i兲 Plot the derivative of the measured diffusion

FIG. 6. Variation of the modulus of the maximum of  ln Cav / y 6/5 共in
nm−6/5兲 with t for different ⌬. The result is shown on a logarithmic scale.

proﬁle and identify its maximum, i.e., 共 ln Cav / y 6/5兲max. 共ii兲
Calculate parameter ␣. 共iii兲 If ␣ ⬎ 0.02, use Eq. 共9兲 to ﬁnd
the derivative 共 ln Cav / w6/5兲max and put the derivatives into
Eq. 共7兲. Hence

␦DGB = 2

冑 冉

DG
␦
0.77 +
冑
t
8DGt

冊冉
5/3

−

 ln Cav
y 6/5

冊

−5/3

共10兲
max

rather than Eq. 共6兲 is suggested for determining GB diffusion
coefﬁcients in nanocrystalline materials, where the two expressions in brackets correspond to the maxima of the corresponding derivatives.
In the last part of this section we reconsider the situation
by discussing how the maximum of the derivative of the
diffusion proﬁle depends on t or ⌬. The values of the maximum of  ln Cav / y 6/5 can be plotted as functions of t on a
logarithmic scale. This leads to almost linear dependences
共constant slope兲 for ﬁxed DG 关Fig. 6兴 which can further be
approximated by

冏

log

冏

 ln Cav
= log共A兲 + B log共t兲,
y 6/5

共11兲

where A is a function of ⌬ 共see discussion below兲 whereas
the slope B is independent of t and ⌬ 共Table II兲. In the
Appendix we present a short mathematical transformation
helpful to further interpret Eq. 共11兲. The transformation is
based on Le Claire’s original relation 关Eq. 共7兲兴 and demonstrates how the maximum of  ln Cav / y 6/5 analytically depends on t and ⌬. The ﬁnal expression

冏

 ln Cav
y 6/5

冏

= C⌬−3/5t−3/10 ,

共12兲

max

−3/10
may be compared
with C = 关2 / ␦兴3/5共− ln Cav / w6/5兲maxDG
22
to experimental results of Atkinson, who found from the
diffusion proﬁles of cation diffusion in NiO that slopes of the
proﬁles 关ln Cav = f共y 6/5兲兴 can linearly depend on t−0.3. From
Eq. 共12兲 it also becomes clear that the parameter A in Eq.
共11兲 can be expected to depend on DG, DGB, ␦, and
 ln Cav / w6/5.
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冋 冉 冊册 冋 冑 册
冋册

TABLE II. The values of the slope B for various ⌬ 共DG = 2.95
⫻ 10−4 nm2 / s兲.
⌬

2
DG
␦DGB t

B

102
103
2.2⫻ 104
105

−0.32
−0.33
−0.34
−0.36

APPENDIX

The equation originally used by Le Claire is Eq. 共7兲. It
can be rephrased into

冏冋 冉 冊册冉
1/2 3/5

−

冊

 ln Cav
,
w6/5

2

3/5

␦⌬ tDG

2

␦

3/5

−3/10 −3/10
⌬−3/5DG
t
.

共A2兲

The derivative with respect to the real coordinate thus reads

Le Claire’s relation for determining the GB diffusion
coefﬁcient 共DGB兲 was tested under conditions of type-B kinetics for very short as well as long diffusion times 共t兲. Errors of the order of 50% in the evaluation of DGB can result
when using the standard procedures to ﬁnd DGB. Errors are
related to the nonlinearity of diffusion proﬁles in ln Cav
− y 6/5 plots. Consequently, the derivative of the diffusion proﬁle  ln Cav / y 6/5 should be plotted in order to estimate the
effect of proﬁle nonlinearity. The maximum value of the derivative should be used rather than ﬁtting the proﬁle to a
straight line. Also, the derivative  ln Cav / w6/5 is not constant but depends on the dimensionless parameter ␣ which is
the ratio of bulk diffusion length and GB thickness. Consequently, Le Claire’s constant should be replaced by an improved value calculated from Eq. 共9兲. Only if the dimensionless parameter ␣ is smaller than 0.02, the conventional value
共⬇−0.78兲 may safely be used. The parameter ␣ can easily be
estimated from experimental data if DG and ␦ are known. On
the basis of these observations the procedure to properly deduce DGB is explicitly discussed which is straightforward
without introducing new parameters.

 ln Cav
2
DG
=
6/5
y
␦DGB t

=

=

冏

IV. CONCLUSIONS

冏

1/2 3/5

共A1兲

where the ﬁrst expression in bracket can be rewritten as

冏

 ln Cav
= C⌬−3/5t−3/10 ,
y 6/5

共A3兲

−3/10
where C = 关2 / ␦兴3/5共− ln Cav / w6/5兲DG
. From Eq. 共10兲 and
the result in Fig. 6, we see that the parameter A in Eq. 共11兲 is
given by C⌬−3/5.
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