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Three SrTiO3 phases (cubic, tetragonal antiferrodistortive and tetragonal ferroelectric)
are studied at the ab initio level. Lattice dynamics was calculated via the PBE0 and
B3PW hybrid DFT exchange-correlation functionals within the LCAO formalism using
the direct frozen-phonon method. The soft-mode-induced phase transitions and thermodynamics (heat capacity and Helmholtz free energy) are discussed. The results obtained
are in good agreement with experiments, except for reproduction of the phase transition
temperature. The study represents an important first step in considering defective and
more complicated perovskite systems.

Introduction
SrTiO3 (hereafter STO) is a well-known model material for the investigation of mixed
conduction [1]. For almost fifty years the low-temperature properties of STO have been an
attractive subject for a vast variety of experimental and theoretical studies. The scientific
interest in STO could be formally subdivided into two periods. The first wave of interest
started in the 60s when an antiferrodistortive (AFD) phase transition near 110 K came
into the center of attention [2]. It was shown that the soft phonon mode at the R-point of
the Brillouin zone (BZ) of a cubic structure associated with a TiO6 -octahedral antiphase
rotation is condensed below 110 K resulting in a tetragonal lattice distortion. Additionally
a unit cell stretching appears (c/a > 1). It should be noted that such lattice instabilities of
cubic STO in zero Kelvin calculations have to result in the appearance of imaginary phonon
frequencies (see below). The second surge of interest emerged in the 90s when a quantumstabilized paraelectric regime near 0 K was discovered and an incipient ferroelectric (FE)
behavior below 37 K was suggested [3]. An incipient character means that STO has a very
large static dielectric response and is only barely stabilized against the condensation of the
Г-point FE soft mode probably by means of quantum fluctuations [3].
Since the 90s ab initio calculations started to contribute significantly to the understanding of STO properties. With the development of new computer simulation methods
from plane-wave (PW) based DFT-LDA to advanced LCAO-based hybrid DFT schemes,
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the predictive power of theoretical modeling steadily increased and deeper insight into
the STO properties became possible. In particular, ab initio calculations of the Helmholtz
free energy and entropy via phonon contribution are the recent breakthrough that permits
calculation of material properties at temperatures above 0 K. The two main techniques
for phonon calculations are the direct frozen-phonon (DFP) [4] and the linear-response
(LR) [5] methods. Both are completely independent on any experimental data and fitted
parameters. Literature applications [6–9] of these methods to cubic STO, however, led
to rather inconsistent results concerning the existence of the soft modes at different BZ
points (and, if present, whether the obtained frequencies are real or imaginary). First, the
PW-LDA calculations performed by Sai and Vanderbilt [6] within the DFP method have
shown the concurrent character of the AFD and FE instabilities, i.e. hardening of the AFD
R-phonon and softening of the FE Г-phonon connected with the volume increase with
respect to theoretical equilibrium. Second, the series of the LDA, GGA-PBE and hybrid
HSE06 exchange-correlation calculations performed by Wahl and Vogtenhuber [7] via the
PW formalism within the DFP method revealed the soft mode at the Г-point as real for LDA
and imaginary for the GGA-PBE and hybrid HSE06 methods. Third, the linear augmented
PW-LDA calculations within the LR method performed by LaSota [8] and Lebedev [9]
detected imaginary soft modes at the M-, R- and Г-points of the BZ. Such a situation is
certainly discomforting and this is why it is necessary to apply more accurate LCAO-based
hybrid DFT calculations to this problem (to the best of our knowledge, there have been no
such attempts so far). Furthermore, a thermodynamic comparison of different STO phases
has also never been considered. Thus the present study is intended to make up for these
deficiencies. The accurate representation of known physical properties of STO via phonon
calculations is necessary before the acquired techniques can be applied to more complex
systems. It is important to note that all STO structural transformation effects mentioned
above are extremely small and this is why their reproduction could be considered as a
sensitive test for the simulation techniques.

Computational Details
In this study the DFP method was chosen for the phonon calculations as it can, unlike the
LR method, be used in conjunction with any external code (only the computation of forces
is required). We give here only a brief survey emphasizing a computational workflow and
some points of specific interest; the detailed method description based on the supercell
model can be found e.g. in [10].
At the first step the total energy minimization is performed in order to find the equilibrium structure of the crystal. For this purpose we used the CRYSTAL06 computer code
[11] (see ab initio calculation details below). The equilibrium geometry of the system is
defined by the condition that the forces acting on all individual nuclei are equal to zero.
The ground state energy of a crystal is expanded into a Taylor series with respect to
atomic displacements (in the harmonic approximation only the terms up to quadratic order
in the displacements are retained). In turn, these displacements induce Hellmann-Feynman
forces with the phonon frequencies being determined by the eigenvalues of the force matrix,
scaled by the nuclear masses. The force summation is performed over the primitive cells
inside of the chosen supercell with periodic boundary conditions. One should notice that
not every wave vector k commensurates with every supercell size, but the general rule is
the larger the supercell size, the denser the mapping of the BZ. For a cubic STO we used a
supercell consisting of 2 × 2 × 2 primitive cells (40 atoms) since it is small enough to be
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calculated in a reasonable time but large enough to be commensurate with all the special
k-vectors of the corresponding BZ. Similarly for the tetragonal AFD and FE STO supercells
consisting of 2 × 2 × 2 primitive cells (80 atoms for AFD and 40 atoms for FE) were
adopted. Thus the second step is the construction of the appropriate supercell and displacing
of symmetry non-equivalent atoms. We performed this with the aid of the Phonopy code [12]
because it allows one to reduce the number of independent displacements to a minimum
without dependence on the supercell size, unlike CRYSTAL06, by taking into account
both the translational invariance and the full space group of the supercell including inner
translations (see details in [10]).
In practice the weak point of the DFP method is the fact that the atomic displacement
magnitude is arbitrary and the computer codes implementing this method could produce
inconsistent results depending on this magnitude. Generally the displacements should not
be too large, so as to preserve the linear relation between forces and displacements. They
also should not be too small, so as to avoid numerical noise. Usually a good compromise
is obtained with a displacement size on the order of 0.01Å. The default value of the
displacement varies depending on computer codes, for example, 0.003Å in CRYSTAL06,
0.01Å in Phonopy, etc. In this paper we omit a more detailed discussion of this question.
The third step in the phonon calculation workflow is the calculation of forces induced
by displaced atoms. Obviously this should be done using the same code and method as in
the first step, otherwise the criterion of equilibrium would not be fulfilled and excess forces
would arise.
The fourth step is to use the Phonopy code to calculate symmetrized force constants.
After solving the dynamical matrix for different k-vectors in the BZ, the eigenvalues
(squared phonon frequencies) and eigenvectors (phonon modes) are found. The thermodynamic functions (the Helmholtz free energy and heat capacity) require summations over the
phonon eigenvectors in the BZ which can also be done with Phonopy. At this stage finally
the temperature is introduced. One should note the general drawback that the mean-field
calculations neglect by definition anharmonic effects and this is why calculated temperature
dependencies of the Helmholtz free energy and heat capacity are only qualitatively correct
(see the results section).
For the ab initio calculations of the phonon properties via the CRYSTAL06 computer
code we chose the PBE0 [13,14] and B3PW [15] hybrid exchange-correlation functionals,
as they had been successfully applied earlier for calculations of bulk and surface perovskite
properties [20, 24, 25, 32]. For each functional the corresponding combination of effective
core potentials (ECPs) and basis sets was adopted. In the case of the PBE0 functional the
CRENBL small-core ECPs [16, 17] were used for Ti and Sr core-valence interactions and
the outermost shell basis functions were optimized in order to avoid the basis-set linear
dependence known in LCAO crystal calculations. The all-electron 6-311G (d) optimized
basis set [18] was used for the O atom. In the case of the B3PW the Hay-Wadt small-core
ECPs [19] were used for Ti and Sr core-valence interactions and the outermost shell basis
functions were taken from Ref. [20] where they had been optimized for the STO bulk
crystal. The all-electron 8-411G (d) basis set [21] was used for the O atom as it had been
adjusted for calculations of crystalline perovskites. The combination of B3PW functional
and CRENBL small-core ECPs is considered in our work [33]. The Monkhorst–Pack [22]
scheme of the 8 × 8 × 8 k-point mesh in the BZ was applied and accurate tolerances were
used for the Coulomb and exchange integral calculations (values 8 8 8 8 16 in CRYSTAL06).
The tolerance of the energy convergence on the self-consistent field (SCF) cycles was set to
10−10 a.u. Additionally the DFT density and grid weight tolerances were increased (values
8 and 16 in CRYSTAL06) and an extra-large pruned DFT integration grid was adopted.
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Table 1
SrTiO3 bulk properties.
LCAO, CRYSTAL
code, this work
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Property

PW, VASP code [7]
B3PW
HSE06
Hay-Wadt

Cubic
Lattice constant, Å
Direct band gap, eV
Bulk modulus, GPa
Tetragonal AFD
Ratio c/a
TiO6 rotation angle, ◦

PBE0
CRENBL

Expt.

3.90
3.47
192

3.91
4.00
193

3.91
4.24
195

3.91[26]
3.75[27]
179[28]

1.0010
2.6

1.0013
1.1

1.0011
0.9

1.0009 (10 K)[29]
2.1 (4 K)[2]

Results and Discussion
In theory the knowledge of soft phonon mode symmetry of the initial structure allows
the prediction of the possible symmetry of the derivative structure (e.g., using Stokes and
Hatch tables [23]). In particular the soft phonon at the R-point of the BZ of a cubic (Pm-3m)
structure in the case of STO induces the tetragonal AFD (I4/mcm) structure (this was proved
by experiments, see introduction), whereas the soft phonon at the Г-point could induce the
tetragonal FE (P4mm) structure.
In this study the phonon spectra of these three structures of STO are considered.
However, the latter structure is taken into account only for a comparison as a model FE
phase because a real FE phase tends to condense from the tetragonal AFD phase.
Since the phonon properties were computed for the equilibrium structure, the bulk
properties of STO were obtained and considered for preliminary comparison. In Table 1
we sum up the results for the PBE0, B3PW (LCAO formalism) and HSE06 [7] (PW
formalism, the range-separated variant [7] of the PBE0). As can be seen, there is a good
agreement with experiment (though the rotational angle of the AFD phase is slightly off)
confirming the fact that hybrid DFT functionals treat crystalline bulk properties accurately
[20, 24]. Interestingly, the smaller the calculated band gap of the cubic phase the larger
the calculated octahedral rotational angle of the tetragonal AFD phase (this effect was also
noted in [24]). Both the hybrid functionals PBE0 and B3PW reproduce the total energy
gain of the tetragonal AFD and FE phases with respect to the cubic phase (though the
energy difference is extremely small, in the range of meV). However, in the case of phonon
properties, a distinction arises between the PBE0 and B3PW-based calculations.
In temperature-induced phase transitions the anharmonicity effects play a fundamental
role: harmonic calculations generally yield an imaginary frequency for the soft mode at
0 K whereas at higher temperatures anharmonicity stabilizes the soft mode. This is why the
comparison of the calculated soft mode frequencies with experiment can be problematic.
It is seen (Table 2) that the PBE0 and B3PW functionals treat the soft modes in STO
differently, predicting real and imaginary frequencies respectively. By contrast, hard modes
remain similar and the harder the mode the better the agreement with experiment. The
same situation in general persists for the soft and hard modes of the tetragonal AFD
and FE phases, suggesting that a careful comparison of functionals needs to be done. As
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Table 2
Phonon frequencies in a cubic phase of SrTiO3 (cm−1).
LCAO, CRYSTAL
Phonopy codes
PW, VASP code [7]
HSE06

B3PW
Hay-Wadt

PBE0
CRENBL

Exp. (297 K)[30]



74i
162
250
533

112i
160
257
539

16
180
267
547

91
170
265
547

R

∼80i

43i
140
446
454
467

63
153
459
463
468

52
145
446
450
474
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BZ point

consequence of this, the thermodynamic functions for the PBE0 and B3PW (Figs. 1 and 2)
differ because imaginary modes in the case of B3PW are neglected and do not contribute
to the summation (it is performed over real frequencies only). Apparently this affects the
results when comparing the calculated thermodynamic functions to experiment. For the
heat capacity the agreement with the experiment [31] at 90–180 K is better for the PBE0

Figure 1. Calculated heat capacity of SrTiO3 (J/mol K).
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Figure 2. Calculated Helmholtz free energy of SrTiO3 (kJ/mol).

than for the B3PW. The B3PW functional shows a noticeable energetic preference for the
AFD phase with respect to the cubic one over the whole temperature range considered. For
the PBE0 at temperatures T < 110 K the Helmholtz free energy gain tends to disappear
(the difference does not exceed several meV), but above 110 K the cubic STO Helmholtz
free energy is distinctly lower (e.g. more than 0.02 eV at room temperature), in agreement
with experiment.
The imaginary frequencies observed in the case of the B3PW functional confirm the
presence of the AFD phase transition, but they also complicate correct calculations of
the thermodynamic functions as their contribution is ignored. Additionally, the results
from the B3PW and HSE06 [7] agree concerning the presence of imaginary frequencies.
Furthermore, while choosing between two combinations of functionals, ECPs and basis
sets used in this study, one has to take into account that the PBE0/CRENBL requires on
average twice much computation time than the B3PW/Hay-Wadt.
The FE phase considered in this study is simplified since the TiO6 -octahedra rotation
is neglected. In this case one should expect an occurrence of the AFD soft mode. This
rotational mode is soft indeed (imaginary for the B3PW and real for the PBE0), being
split into A2 and E modes (depending on which particular FE displaced oxygen atoms
are involved with the rotational motion). In the tetragonal AFD phase the soft FE Eu and
A2u modes are found to be imaginary for the B3PW (confirming the results by Sai and
Vanderbilt [6]) but real for the PBE0.
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Summary
1. The hybrid DFT PBE0 and B3PW functionals respectively combined with CRENBL
and Hay-Wadt ECPs and basis sets within the LCAO formalism are both shown to
accurately reproduce the electronic and phonon properties of STO. However they
diverse in describing the soft phonon modes, resulting in either real or imaginary
frequencies respectively, thus contributing differently to the thermodynamics.
2. Experimentally known low temperature Г- and R-phonon instabilities are reproduced in the cubic STO. In the tetragonal AFD phase the FE soft mode split into Eu
and A2u modes is detected. In turn, in the tetragonal FE phase the AFD soft mode
split into A2 and E modes is detected.
3. A comparison of the heat capacities and Helmholtz free energies vs. temperature
is performed ab initio for the first time for three different STO phases. The experimentally measured heat capacity between 90 and 180 K is reproduced for both
functionals. For the B3PW the gain in Helmholtz free energy of the tetragonal AFD
phase with respect to the cubic phase obtained though the experimental temperature
dependence is not reproduced. For the PBE0 the temperature correlation tends to
be present but the gain in Helmholtz free energy tends to be absent.
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