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The effects of non-equilibrium charge screening in mixtures of oppositely charged interacting
molecules on surfaces are analyzed in a closed system. The dynamics of charge screening and the
strong deviation from the standard Debye-Hückel theory are demonstrated via a new formalism based
on computing radial distribution functions suited for analyzing both short-range and long-range spacial ordering effects. At long distances the inhomogeneous molecular distribution is limited by diffusion, whereas at short distances (of the order of several coordination spheres) by a balance of
short-range (Lennard-Jones) and long-range (Coulomb) interactions. The non-equilibrium charge
screening effects in transient pattern formation are further quantified. It is demonstrated that the
use of screened potentials, in the spirit of the Debye-Hückel theory, leads to qualitatively incorrect
results. © 2011 American Institute of Physics. [doi:10.1063/1.3613622]
I. INTRODUCTION

The role of electrostatic interactions in surface pattern
formation and phase separation phenomena is crucial in various technological processes and scientific problems.1, 2 Moreover, most biological systems and many bio-inspired materials consist of mixtures of oppositely charged macroions
that segregate into ionic complexes or complex coacervates.3
Many applications such as coatings for medical devices2 and
implant materials4 rely on understanding the self-organization
of these coacervates on surfaces. Adhesive proteins of marine organism as well as mixtures of oppositely charged hydrophilic synthetic polyelectrolytes, for example, segregate
into wet phases rich in oppositely charged macroions.5–8 The
physical properties of these coacervates allow the concentration and spread of adhesive proteins over selected surfaces
without loss to the surrounding water.9 Therefore, ionic complexation on surfaces has strong potential to generate bioinspired adhesives.4 In general, the complexation of nearly
electroneutral mixtures of oppositely charged molecules depends on their charge densities and ionic concentrations.6
Adhesive proteins lack secondary structure,9 which suggests
that simple van der Waals or symmetric dispersion forces and
electrostatic interactions can describe successfully these ionic
complexes.
The competing long- and short-range interactions in mixtures of oppositely charged molecules on surfaces lead to interesting equilibrium patterns.10, 11 The ordering kinetics of
diffusive, oppositely charged molecules on surfaces, however,
are not well understood.12 If the energy of forming the ionic
complexes is larger than the thermal energy, the resulting
structures may not be in thermodynamical equilibrium: this
explains the dynamical properties of coacervates6 as well as
the inhomogeneous coatings of oppositely charged functiona) Electronic mail: kuzovkov@latnet.lv.
b) Electronic mail: m-olvera@northwestern.edu.
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alized nanoparticles.13 In fact, as discussed in this work, even
in the case of weak van der Waals interactions competing with
long-range electrostatic effects, the expected equilibration is
difficult to achieve on surfaces on the typical experimental
time scale.
Here we consider spatial effects on the kinetics of ordering processes due to the long-range interactions between
oppositely charged molecules diffusing on surfaces. In the
kinetic process of developing short- and long-range ionic correlations, non-equilibrium charge screening occurs due to different time scales that naturally develop during the ordering
process.

II. THEORETICAL APPROACH

Charge screening effects are generally analyzed using
the standard Debye-Hückel (DH) model. The DH method is
based on the self-consistent solution of the Poisson equation
aimed at finding the electrostatic potential φ(r ) for a spatial
distribution of particles (which, in turn, depends on the potential), and is useful for computing static particle correlation
functions in many physical limits. When a probe charge ei is
placed into the system of oppositely charged molecules (particles) A and B with charges e = e A = −e B , the potential of
the induced field φi (r ) differs from a probe potential φi0 (r ) by
the screening factor Q i (r ): φi (r ) = Q i (r )φi0 (r ). In particular,
under some conditions,14 the screening factor for the 3D system is Q i (r ) = Q D H (r ) = exp(−r/r D H ), where r D H is the
DH radius or screening length, defined by actual system parameters. The main effect is that each charged molecule is
surrounded by a cloud of oppositely charged molecules with
concentration that exceeds the average molecule concentration. At distances larger than the cloud size r > r D H , the
Coulomb interaction can be neglected.
Such a model is valid for ideal gases where charges
(electrons or point particles) are very mobile and rapidly
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equilibrate. However, this is often not the case for electrolytes
or condensed matter where the particles have a non-zero size
and/or short-range interactions. Moreover, in soft and condensed matter, the molecules are characterized by partial diffusion coefficients, D A and D B ,15, 16 which could differ by
orders of magnitude. Molecular diffusion is quite slow and
thus molecular distribution is usually far from equilibrium.
The effects of ion sizes17 and other ion-specific effects have
been extensively studied,18 and are known to generate static
correlation with modified long-range interactions (such as
modified DLVO or Yukawa potentials by nonlinear effects in
colloids19 ) and other nonlinear DH effects that lead to oscillatory correlation functions.20 The kinetic effects, however,
on the dynamic correlation functions of ionic mixtures have
not been analyzed, even for the simplest symmetrical case of
D A = D B and of equal component ion sizes.
Non-equilibrium effects arise in systems where spatial
density fluctuations are governed by particle diffusion. At a
finite time t, the structure at long distances from a probe
charge remains non-equilibrium, and the screening factor becomes consequently time-dependent, Q i (r, t). In the general
case of asymmetric diffusion, D A = D B , there are two different screening factors, Q A (r, t) = Q B (r, t). Along with assumption of the equilibrium distribution, there exists an additional problem of the Poisson-Boltzmann equation regarding its neglect of short-range particle interactions. This creates a serious problem since such system of classical particles
with purely electrostatic interactions is known to be unstable.
Indeed, neglecting short-range potentials raises doubts about
the accuracy of the DH screening factor Q D H (r ) at short distances, r < r D H .
In order to improve the standard DH theory, we consider here a microscopic kinetic model for two oppositely
charged, interacting components based upon computing the
many-point-particle densities.12, 15, 16 The exact set of the coupled kinetic equations is similar to the Bogoliubov-BornGreen-Kirkwood-Yvon hierarchy14 in statistical physics. In
a closed system with two types of particles (molecules) without reaction, the total number of particles remains constant.
The first equation set of a system of coupled equations describes the radial distribution functions (or joint correlation
functions): for similar particle types: g A A (r, t) and g B B (r, t),
and for dissimilar particles: g AB (r, t) where r is the relative
distance between any two particles (A or B). These functions
describe the spatial distribution of pairs A A, B B, and AB.
The general structure of the nonlinear equations gi j (r, t)
takes the form,12


∂gi j (r, t)
gi j (r, t)
= Di j ∇ ∇gi j (r, t) +
∇Wi j (r, t) ,
∂t
kB T

(1)
where i, j = A, B. These equations describe the particle diffusion drift in various potentials of mean force Wi j (r, t) that
are, in turn, functionals of the correlation functions. The quantities Di j are coefficients related to the partial diffusion coefficients of particles, D A and D B , by Di j = Di + D j .12 At
long distances, the correlation functions tend to unity (random or Poisson distribution): gi j (∞, t) = 1.15, 16 Positive or
negative deviations from unity indicate aggregation or deple-
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tion of particles, respectively. The set of coupled kinetic equations is solved numerically by discretizing them and by using
standard recursive procedure for nonlinear terms.12
Let us assume in our equilibration kinetics analysis that
our system of oppositely charged molecules at the interface
(2D) is initially well stirred, and the temperature T is constant. Since the joint correlation functions characterize only
the relative correlations in particle distribution, we performed
additionally their analysis using the reverse Monte Carlo
(RMC),12, 21 which permits us to learn about pattern formation effects through snapshots of particles distribution in real
space. The same is true for the screening factors.
To simulate the short-range van der Waals interactions,
we use the commonly used classical 6-12 Lennard-Jones potential,
 

r0 12  r0 6
.
(2)
−
U (r ) = 4U0
r
r
Keeping in mind our interest in studying the effects of diffusion asymmetry (additional parameter), we minimize a number of free parameters assuming U0 and r0 are the same
for similar and dissimilar pairs.22 The Lennard-Jones potential describes particle repulsion at short distances, r < rc
= 21/6 r0 , due to finite particle sizes where the force field
F(r ) = −∂U (r )/∂r is positive, and particle attraction at
larger distances, r > rc , where the force field is negative. We assume same repulsion effects for both similar
and dissimilar molecular pairs but—following commonly
used model10, 12, 22 —truncate the dissimilar pair attraction at
r > rc . As a result, A- and B-type molecules repel each other
without Coulomb interactions, and molecules of the same
type attract each other and can thus aggregate. Additional inclusion of Coulomb interactions, as we show below, stabilizes
the system of dissimilar-type molecules and allows for pattern
formation.
The aforementioned potential is characterized by two
parameters: the length r0 and the energy denoted by U0 that
correspond to the given temperature T0 = U0 /k B . It is convenient to use dimensionless parameters for both temperature,
θ = T /T0 , and for the relative magnitude between the
Coulomb and Lennard-Jones potentials, δ = e2 /r0 k B T0 .
The total particle density, n = n A + n B , determines the
dimensionless parameter η = nr02 . Asymmetry in the particle diffusion coefficients is described by the parameter
μ = D A /(D A + D B ). Lastly, the time unit used is
t0 = r02 /(D A + D B ).
III. RESULTS AND DISCUSSION

We analyze qualitatively the different possible situations: at low temperatures (θ < 1), we find dramatic changes
when varying the parameter δ, which controls the ratio
of long-range and short-range interactions. When this parameter is small, δ < 0.1, the short-range interactions are
predominant10, 12 and dissimilar-type molecules repel each
other. In turn, this leads to the segregation of dissimilartype molecules, where two types of aggregates created by
A- and B-type molecules bound to one another at long
distances driven by Coulomb forces. As such, unlike the
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FIG. 1. Ionic binary systems with Lennard-Jones and Coulomb interactions at low temperatures for intermediate density, η = 0.4. Parameter are: (a)–(c)
δ = 0.35, θ = 0.35 for symmetric diffusion, and (d) 0.05, θ = 0.40 for asymmetric diffusion. Curves are shown for times t/t0 : (a) and (b) 218 ; (c) 212 (1), 214
(2), 216 (3), and 218 (4); (d) 212 (A, B) and 218 (A , B  ).

classical DH model where the screening factor was determined by re-arrangement of individual particles (charges)
according to the Boltzmann distribution, we observe here
the re-arrangement of large molecular aggregates (superparticles). Because these super-particles are very large, their
ordering also requires considerable time. Therefore, the ordering kinetics is not steady-state since aggregate formation and
growth are both very slow processes, which starts with nucleation of many small aggregates (local ordering) followed
by the further growth of larger aggregates at the expense of
smaller ones (intermediate-scale ordering).
Faster ordering process is characterized by the intermediate values of 0.1 < δ < 0.5. An oscillatory behavior is observed here for the correlation functions, which is typical for
condensed matter with ordering within several spheres surrounding a chosen particle. Further increase in the magnitude
of Coulomb interactions relative to van der Waals (δ > 0.5)
results in the formation of smaller clusters made of similartype molecules, such as dimers and trimers, held together by
electrostatic interactions. Thus, a system exhibiting pattern
formation is characterized by the emergence of several structural scales: (i) the size of the super-particles, (ii) the size of
recurring (repeating) elements constituting the pattern (consisting of several super-particles), and lastly, (iii) the average
size of the whole pattern. Development of each of these three
length scales requires three quite different characteristic ordering (relaxation) time scales.
To support the above point, let us first discuss the results of the numerical calculations for the joint correlation

functions, as time evolves, regarding the symmetric case (D A
= D B ) shown in Fig. 1(a) for intermediate δ values and
low temperatures; the quantities g A A (r, t) = g B B (r, t) and
g AB (r, t) are denoted by the indices 1 and 2. The relaxation
process at short distances is very fast: the results for two very
different times are practically identical. This means that the
repeating element of the pattern can be created very quickly.
In contrast, creating the patterns of a large size is a very
slow process. We quantify the relaxation of these different
length scales, λsr and λlr as defined in Fig. 1(b), by computing the partial structure factors,23 S A A (q, t) = S B B (q, t)
and S AB (q, t), denoted by 1 and 2, respectively, in Fig. 1(b).
In each case, there are two extrema at (qr0 )sr = 2π/λsr
and (qr0 )lr = 2π/λlr . The quantity (qr0 )sr is mainly timeindependent, while (qr0 )lr (at lower qr0 values) changes with
time. The kinetic process is quantified in Fig. 1(b) (inset),
where we plot λsr and λlr as functions of time. The maximum for λsr remains the same (in our case λsr ≈ 7) with time
except at very short times. On the other hand, the long-range
maximum λlr grows linearly with time.
In Fig. 2(a) we show the typical snapshot of the structure
of the non-equilibrium system (with same parameters as those
in Fig. 1(a)). These snapshots were generated using the abovementioned RMC. As one can see, the pattern is constructed
by the alternation of super-particles (small aggregates), each
consisting of A- and/or B-type molecules. The size of a repeating element in the pattern is of the order of λsr . On the
other hand, the scale factor λlr characterizes the average size
of dendridic-type clusters, which are porous-like structures of
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(b)

FIG. 2. Characteristic structure snapshots obtained using the RMC: (a) corresponds to the structure factors in Fig. 1(b), whereas (b) the structure factors in
Fig. 3(a), curves (3,3 ).

low density: as the snapshot is computed at low temperature
θ , which is equivalent to having strong interactions, it results
in a nearly frozen structure that cannot relax to a compact aggregate (in fact, we observe a lamellar structure similar to that
detailed in Ref. 10).
Although the steady-state solution associated with the
segregation process is independent of the diffusion coefficients of individual molecules, the magnitude and evolution
of non-equilibrium screening effects strongly depend on the
ratio D A /D B . We first discuss the symmetric case where D A
= D B . We plot in Fig. 1(c) the screening factor at several time
values, using the same parameters as those in Figs. 1(a) and
1(b). One can see immediately a strong deviation from the DH
theory, where the screening factor is supposed to drop down
monotonically from unity to zero. Instead, this plot shows a
strong degree of overcharging (charge amplification) at small
r/r0 -values due to the short-range van der Waals attraction
between similar-type molecules. The screening factor then oscillates between charge amplification and charge reversal as
the quantity r/r0 increases. The amplitude of these oscillations increases as a function of time, and they shift to longer
r/r0 -values as the clustering becomes more pronounced (the
equilibrium structure tends to the lamellar type).
Let us consider now the effects of diffusion asymmetry
by plotting the screening factor at two different time values for
D A = D B /9, which is shown in Fig. 1(d) for θ values slightly
higher than those for Figs. 1(a)–1(c). Both molecule types
exhibit charge amplification. However, the faster molecules
do not show exhibit charge reversal as time evolves in
Fig. 1(d); that is, their clusters are not covered with oppositely
charged molecules during segregation. Meanwhile, the slower
diffusive molecules, as time evolves, are surrounded by oppositely charged particles, leading to a a faster local charge
inversion.
The self-consistent solution regarding the relationship
between the electrostatic potential and the joint correlation functions is a very non-trivial mathematical problem.
In the commonly used approximation,13, 24, 25 the unknown
electrostatic potential is replaced with the screened one

(e.g., Yukawa potential) with the screening factor Q(r )
= exp(−r/rs ), where rs is the fitting parameter. As such, such
a screened potential is no longer related to the underlying
structural parameters of the system (correlation functions). It
is believed that this approximation is valid for both liquids
and dense gases.
However, we note that the Yukawa potential is shortrange in nature. Thus, the introduction of the screened potential eliminates the fundamental difference between the longrange Coulomb and short-range Lennard-Jones potentials that
we have been considering. In fact, systems with different type
of interactions also exhibit quite different spatial structures.
For illustration, Fig. 3(a) demonstrates the same ionic binary
systems, at a higher temperature, θ = 0.5, and for a weak
electrostatic potential. An increase in temperature leads to the
transition from an ordered (crystalline) to disordered (liquidlike) structure, for which the DH theory intuitively should be
more aptly applicable. As we show below, this turns out to be
not the case.
A comparison of Figs. 3(a) and 3(b) illustrates the fundamental difference in the calculated structural factors. In particular, the partial structural factors S A A (q, t) = S B B (q, t) in
Fig. 1(b) reveal two maxima, whereas only one maximum
is seen in Fig. 3(a). In other words, the two systems reveal
two different types of pattern formation. The typical snapshot
of the structure corresponding to the case (3.3 ) in Fig. 3(a)
and obtained using the RMC is shown in Fig. 2(b). Snapshots
for other cases are similar: disordered (liquid-like) structure
with the trend to form loose aggregates made of similar-type
molecules.
The case of (1,1 ) in Fig. 3(a) corresponds to the limiting
scenario of δ = 0 for which only the short-range LennardJones interaction is present, while in all other cases the
long-range interactions are included. Analysis of the relevant
structural factors in Fig. 3(a) allows us to observe their fundamental difference. Without Coulomb interactions, the structure factor S AB (q, t) has a minimum at small wavenumber
q [curve (1 )]. Otherwise, the inclusion of Coulomb interactions leads to the appearance of maxima [curves (2 ,3 ,4 )] in
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FIG. 3. The structure factors S A A (q, t) = S B B (q, t) [curves (1-4)] and S AB (q, t) [curves (1 –4 )] for ionic binary systems at intermediate temperature, θ = 0.5,
for intermediate density, η = 0.4. Curves are shown for time t/t0 = 218 . (a) The result of the self-consistent solution properly taking into account the spatial
correlations of molecules. Parameter δ is: (1) 0.0, (2) 0.05, (3) 0.10, and (4) 0.20; (b) The simplified solution using the screened (Yukawa) potential for the case
(3.3 ), i.e., δ = 0.10. The screening length rs /r0 : (1) 1, (2) 2, (3) 4, and (4) 8.

the same q-region. As small q-values correspond to large distances, this observation implies that charged systems exhibit
characteristic Coulomb peculiarities in the relative distribution of AB-pairs at such large distances. A similar (but more
pronounced) maximum is also observed at low temperatures
(Fig. 1(b)).
For comparison, the results pertaining to the approximate
treatment based on the aforementioned Yukawa potential are
presented in Fig. 3(b) with various fitting parameters. It is obvious that all cases in Fig. 3(b) are qualitatively close only to
the curves (1.1 ) found in Fig. 3(a) that correspond to the lack
of long-range interactions. The aforementioned Coulomb peculiarities at small wavenumbers are also absent here. Note
that the structure visualization using the RMC (Fig. 2(b))
shows only similar-type molecular aggregation that occurs
with and without Coulomb interactions. On the other hand,
the previously discussed Coulomb peculiarities in the structure factors arise due to the spatial rearrangement of such aggregates at long distances. Therefore, the use of the screened
potentials, in the spirit of the equilibrium DH theory, leads to
qualitatively incorrect results.

IV. CONCLUSIONS

We have shown here that equilibration processes in
a closed system with two types of oppositely charged
molecules, in the presence of short-range interactions that
generally induce local ordering, do not achieve the DH-limit
characteristic of steady-state molecular distributions. In fact,
the non-equilibrium charge screening factors are determined
by both process kinetics (anomalously long ordering times at
large length scales) and short-range interactions (lamellar-like
patterns). In all the different cases considered in this work,

the structure of the ionic cloud surrounding a probe charge is
non-trivial and qualitatively differs from the expected in the
standard DH approach.
Furthermore, we found two length scales governing the
pattern formation process. The short length scale (formation
of seeding elements in future pattern) is rapidly established
with respect to time. Meanwhile, the long length scale grows
linearly in time at intermediate time values, which is characteristic of percolated dendritic (fractal-like) growth in two
dimensions.26
These results explain some of the properties of bioinspired complex coacervates,9 as well as of inhomogeneous
functionalized nanoparticle coatings.2, 13 In experiments of
protein and the polysaccharide coacervates,27 for example,
it is observed that the diffusion of the macroions in ionic
complexes is the slowest when the electrostatic interactions
are at maximum, and that the protein and the polysaccharide moved independently in the coacervate phase. Moreover, the existence of intra- and inter-molecular aggregates,
where the small aggregates are much less dynamic, is well
documented.28 These experimental facts support our overall
observations.
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