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Statistical thermodynamics and density functional theory
(DFT) formalisms are combined to analyze the phase competition of energetically preferable phases in (La1  c,Src)CoO3
solid solutions upon LaCoO3 doping with Sr. La/Sr sublattice
in ABO3 perovskite structure is considered as immersed in the
field of CoO3 units and the superstructures that are stable with
respect to the formation of antiphase domains are analyzed.
The concentration-dependent energy parameters determining
the relative stability of the cubic superstructures (phases) are
extracted. This allows us calculations of concentration- and

temperature dependences of the long-range order (LRO)
parameters for different phases. The temperatures of the
order–disorder phase transformations for energetically stable
at T ¼ 0 K phases are obtained. It is shown that the phase
corresponding to the (La0.875,Sr0.125)CoO3 composition may
exist at low temperatures. Nevertheless, already at room
temperature it fails in the phase competition with the disordered
(La1  c,Src)CoO3 solid solution and the phase corresponding to
the (La0.75,Sr0.25)CoO3 composition and thus hardly can be
observed.
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1 Introduction Mixed conducting ABO3-type perovskites are commonly used as materials for solid oxide fuel cell
(SOFC) cathodes and permeation membranes [1]. Within this
class of materials, promising are cobalt-containing perovskites, e.g. (La1  c,Src)CoO3  d (LSC) [2]. Variation of dopant
concentration and spatial distribution over A and/or B sites
of the ABO3 perovskite structure can considerably affect
functional properties of materials. The thermodynamic
stability of atomic structure of such solid solutions at relatively
high SOFC operation temperatures (1100–1300 K) is of a
great importance. In particular, disordering affects considerably oxygen permeability in these materials [3].
In this paper, we combine the standard density functional
theory (DFT) theory with the thermodynamics of solid
solutions, in order to study, how Sr alloying influences the
LSC structural stability and order-disorder transformation
temperature.
2 Method According to Ref. [4], both LaCoO3 and
SrCoO3 reveal an ABO3-type perovskite structure. SrCoO3
could be grown as cubic crystals [5] whereas LaCoO3 shows
a small rhombohedral distortion [6–8]. (X-ray analysis of

samples La0.6Sr0.4CoO3  d [3] indicates simple cubic
symmetry.) Our calculations show that the difference
between the total energies of cubic and rhombohedral
structures for LaCoO3 is very small (0.006 eV atom1). In
this study, we neglect this tiny effect and assume a cubic
structure of the LSC, where a cubic lattice constant was
re-optimized for each particular composition.
The statistical thermodynamic approach combined with
an ab initio atomistic calculations for modeling the
formation of perovskite solid solutions was discussed in
detail in our previous studies of perovskite solid solutions –
(Ba,Sr)TiO3 and (La,Sr)MnO3 – as well as TiCcN1  c
compounds [9–11]. Preliminary study on LSC was presented
in Ref. [12]. Briefly, we consider nine structures on La/Sr
sublattice immersed in the field of the rest atoms (Co and O)
[9] (see Fig. 1). The total energies of these superstructures are
calculated using the DFT formalism. Full Potential Augmented Plane Waves þ local orbitals (APW þ lo) method is
applied as implemented in WIEN-2k code [13–16]. The
technical details of calculations are following. Radius of
muffin-tin spheres, Rmt, was taken equal to 2.0 a.u. for all
atoms in the supercells. The product RmtKmax that determines
ß 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 1 Superstructures (a)–(i) considered in ab initio calculations. The positions of La and Sr atoms on the sublattice immersed in
the field of Co and O are shown in the right images.

the maximal K for basis functions was chosen equal to 6.5.
The generalized gradient approximation (GGA) [17] was
used for the exchange-correlation potential. The selfconsistent procedure was considered as converged when
the total energy in two successive steps differs by less
than 103 eV. The volume optimization of all structures was
carried out, to obtain the equilibrium lattice parameters and
the corresponding total energies.
The structures are constructed in the framework of
concentration waves theory (CW) and are stable with respect
to formation of anti-site domains [18]. Free energies of these
ordered structures are the functions of long-range order
www.pss-b.com

(LRO) parameters that describe their state of the order at
different temperatures and compositions. LRO parameters
are linked to the probability to find A or B atoms on the
sublattice of determined type. For example, for the phase (b)
from Fig. 1 in stoichiometric composition cst ¼ 0.5 at
T ¼ 0 K, the probability to find Sr atoms on their own
sublattice is equal to 1 while the probability to find them on
La sublattice is zero. This corresponds to the absolutely
ordered state and the LRO parameter for this phase is equal
to 1. When temperature increases the exchange of positions
of some atoms of La and Sr on their sublattices occurs
and the probability to find Sr atoms on the sites of their own
ß 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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sublattice decreases leading to the decrease of the LRO
parameter. The disordered state corresponds to the case when
the probability to find Sr atoms on their own sublattice
becomes equal to cst. In this state the LRO parameter is equal
to zero. Compositional disordering also may be described in
terms of the same probabilities and LRO parameters. When
the deviation from the stoichiometric composition in the
ordering phase occurs the LRO parameter will be less than 1
even in the maximally ordered state. This state is also
characterized by the probabilities to find the atoms on their
own sublattices. If, let say, for considered above phase
c ¼ 0.4 then the probability to find Sr atoms on their own
sublattice will be less than 1 while the probability to find La
atoms on the Sr sublattice will be more than zero. The
maximal value of LRO parameter in this case will be equal to
0.8. Increase of the temperature again will lead to the
decrease of the order and LRO parameter will decrease. For
mathematical details we refer to Refs. [18–20].
Keeping in mind the main aim of the research – to extract
key energy parameters from the DFT calculation and to
analyze the thermodynamic stability of the structures beyond
T ¼ 0 K, it is necessary first to determine the stable superstructures at T ¼ 0 K (for this purpose the ab initio
calculations should be carried out) and then to perform
thermodynamic study for analyzing the temperature and
concentration dependencies of the free energies and LRO
parameters.
3 Results and discussion
3.1 Phase competition in (La,Sr)CoO 3 at
T ¼ 0 K Total energies of all structures from Fig. 1 and
those for LaCoO3 and SrCoO3 were optimized with respect
to the volume per atom. The number of atoms in the unit cells
used in calculations for considered superstructures were
equal to 10 for structures (a)–(c), 20 for structures (d)–(g),
and 40 for structures (h)–(i). We calculated the superstructure formation energies which are differences of the
total energies of ordered phases and two separate parent
phases. A comparison of the formation energies for the
superstructures is displayed in Fig. 2. It is easy to see that at
the stoichiometric composition cst ¼ 0.5 the calculations
predict the stability of the structure (b) winning the
competition with structures (a) and (c). For the stoichiometric compositions cst ¼ 0.25 and 0.75 the formation of the
structures (d) and (e) (isomorphic to phase (d) is preferable as
compared with the structures (g) and (f), respectively. The
straight lines show the energies of the two-phase mixtures
between the corresponding phases. Also the phase (i) wins in
competition with the two-phase mixture of LaCoO3 and
the phase (d). It is interesting to mention that although the
phase (i) exists at very low temperatures, the isomorphic
structure (h) does not exist even at T ¼ 0 K due to the fact that
it fails in the energy competition with the two-phase mixture
of phases (e) and SrCoO3.
3.2 Long-range order parameters To continue the
analysis of the phase competition beyond T ¼ 0 K, it is
ß 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 2 Formation energies for the superstructures (a)–(i) shown
in Ref. [12]. Solid lines present the energies of the two-phase states
between the energetically preferable phases. Dashed line presents
the energy of the two-phase state – the mixture of LaCoO3 and the
phase (d). LCO and SCO stand for LaCoO3 and SrCoO3.

necessary to collect the data on the concentration and
temperature dependence of the LRO parameters, hi (i ¼ 1, 2,
3) for the stable (energetically preferable) phases that are
revealed above. For this purpose the free energies of
formation for the phases with lowest ground state energy
are used. For example, for the phases (b) and (d) these free
energies have the following form [18]:
1~
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For the phase (i) the free energy of formation is much
more complicated – it depends on three LRO parameters and
has the form presented in Ref. [10], where the procedure of
solving this equation is discussed. As may be seen from
these equations they include the key energy parameters (the
Fourier transforms of the mixing potentials in superstructure
~
~
~
~
Vð1Þ,
Vð2Þ,
and Vð3Þ,
sites, ks in reciprocal lattice) – Vð0Þ,
that determine the concentration and temperature dependences of the LRO parameters.
To obtain these parameters, we use the calculated
DFT energies of formation for all nine superstructures and
solve the set of nine equations for the energies of formation
for these superstructures at stoichiometric compositions
~
~
~
and T ¼ 0 K with the unknown values of Vð0Þ,
Vð1Þ,
Vð2Þ,
~
and Vð3Þ.
From Fig. 2 it can be deduced that the most
stable phases at T ¼ 0 K are b, d, and e. Simultaneously, it is
clearly seen that the formation energies for the phases
d and e in stoichiometric compositions are not equal,
~
meaning concentration dependence of the parameters Vð0Þ
~
and Vð2Þ.
For this reason, as the first approximation, we
assume linear concentration dependence of these interaction
parameters
~ s Þ ¼ V~11 ðks Þ þ c  V~10 ðks Þ;
Vðk


2p 1 1
with ks ¼ 2p
a ð000Þ or ks ¼ a 2 2 0 .

(3)

~
Keeping in mind that Vð0Þ
is linked directly to the
interaction parameter in the regular solid solution model
~
for disordered solid solutions [21], our assumption on Vð0Þ
corresponds to the approximation beyond the regular
solid solution model. The concentration dependence of
~
Vð2Þ,
in its turn, leads to the asymmetric (with respect to
stoichiometric compositions) homogeneity region of the
structure (b) and of the isomorphic phases (d) and (e) on the
phase diagram.
Thus we have nine equations with six unknown
quantities. To solve this set, the least-squares method was
used to find the interaction parameters {V} that minimize
the term:
A  V  DU;

(4)

where
0

DU1

1

B DU C
B
1
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C
B
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B
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(5)

Table 1 The calculated interaction parameters.
mixing potential
(eV atom1)

V~10 ðks Þ

V~11 ðks Þ

e
Vð0Þ
e
Vð1Þ
e
Vð2Þ
e
Vð3Þ

4.0  103
–
3.02  102
–

3.13  103
1.29  101
1.98  101
1.62  101

Here DUi are the energies of superstructure formation and A
is the matrix of numerical coefficients that are determined in
Ref. [9]. The results obtained by applying this procedure are
given in Table 1.
It is important to mention that although the CW theory
is formulated in the framework of the assumption of pairwise
interactions, actually the suggested way to derive these
parameters from the ab initio self-consistent calculations
means that all non-pairwise interactions that may be reduced
to pairwise interactions are included in the consideration

[21]. With the set of the energy parameters V~ in hand, it
is possible now to analyze the temperature dependences of
the free energies of ordering, DF ¼ Fordered  Fdisordered , for
the superstructures energetically preferable at T ¼ 0 K.
As an example of such an analysis, the temperature
dependence for DF for the structures (b) and (d) in
stoichiometric compositions is discussed in Ref. [12]. It
was shown that the order–disorder phase transformation
for the structure (b) is of the second order, while for the
structures (d) and (e) the phase transformation is of the
first order. For the phases (b), (d), (e) in stoichiometric
compositions the phase transformation occurs at T ¼ 540,
450, and 420 K, respectively.
3.3 Analysis of the stability of different
phases To analyze the stability of the phases at different
temperatures and concentrations, the concentration- and
temperature dependence of the LRO parameters corresponding to the equilibrium should be collected by solving the
following equation:
 
@F
¼ 0:
(6)
@h h¼heq
Using this equation, the temperature dependence of
the LRO parameters for each concentration on La/Sr
sublattice for competing phases was obtained. Analogous
procedure was used also to get h1 ðTÞ, h2 ðTÞ, hðTÞ for the
phase with the structure (i). In the latter case the procedure
of the minimization of F(h1 , h2 , h3 , c, T) with respect
to three LRO parameters was applied. With these data
in hands it is possible to calculate the concentration
dependencies of the free energies of phase formation by
substituting heq ðTÞ for h in Eqs. (1), (2) for the free energies.
Figure 3 shows the free energies of ordering for the
phases (b), (d), (e), and (i) and the free energy of mixing for
ß 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 3 Free energy diagrams illustrating the phase competition
at T ¼ 200 K (a) and T ¼ 300 K (b). For explanations see the
text.

the disordered solid solution as the functions of the atomic
fraction of Sr on La/Sr sublattice for two different
temperatures. The vertical solid lines show the stoichiometric compositions of the corresponding phases. The
tangents given by the dashed lines determine the homogeneity regions and the two-phase states (mixture of the phases).
The formation energy for the disordered solid solution is
presented by the curve that is asymmetric with respect to
~ is the linear function of a composition
c ¼ 1/2, because Vð0Þ
(Eq. (3)). The phases (b), (d), and (e) also have asymmetric
regions of homogeneity. For the phase (b) this happens due to
~
the concentration dependence of the energy parameters Vð0Þ
~
and Vð2Þ. For the phases (d) and (e) the reason for such a
behavior is twofold. On one hand, it is known that the
maximal values of the LRO parameter in phases (d) and (e)
show the asymmetric behavior when the deviation from the
stoichiometric compositions in these phases (cst ¼ 0.25 and
0.75, respectively) occurs [19].
On the other hand, additional concentration dependence
of the LRO parameter for these phases appears due to
~
the concentration dependence of Vð2Þ.
The calculations
show that the temperature of the order–disorder phase
ß 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

transformation for the phase (i) is relatively small and
this phase fails in competition with the two-phase
heterogeneous mixture of the disordered solid solution on
La/Sr sublattice and the phase (d) in non-stoichiometric
composition. This occurs at low (room) temperatures, as
may be seen from the comparison of the position of the
point presenting the formation energy of the phase (i) with
respect to the tangent that determine the two-phase
mixture of the disordered solid solution and the structure
(d) (Fig. 3a, b).
It would be difficult to achieve the equilibrium state
at such low temperature, and thus this phase can hardly
be observed experimentally. There is still a room for
more detailed analysis of the phase competition in the
vicinity of the temperatures of the order–disorder phase
transformations.
Actually, in this paper the mean field approximation was
applied that does not allow us an accurate prediction of the
two-phase regions at relatively high temperatures. In this
case the Monte Carlo (MC) approach would be preferable,
giving the correct information about the positions of the
lines separating the homogeneity regions of the phases on
the phase diagram. The approach suggested here allows us
the investigation in this direction.
Finally, we neglected an oxygen deficiency in LaCoO3,
SrCoO3, and in LSC phases. When atomic fraction of Sr on
La/Sr sublattice grows, it may stimulate the increase of
oxygen vacancy concentration. In this case, a simple quasibinary phase diagram would be not enough to give relevant
information on the phase competition. In its turn, ternary
phase diagram could be useful but demanding a large amount
of time-consuming ab initio calculations.
The attempt to discuss the decomposition in terms
of simplistic quarternary phase diagram for the cubic
perovskite-type oxide BaxSr1  xCo0.8Fe0.2O3  d (BSCF)
for specific temperature was reported recently in Ref. [22].
4 Conclusions In this paper, we studied the doping
effects in technologically important LaCoO3 perovskite.
Detailed ab initio thermodynamic investigation of the phase
competition in La1  cSrcCoO3 solid solutions was carried
out, using the supercell approach. The possibility to link
the DFT calculations for perfectly ordered phases with the
analysis of non-stoichiometric phases is demonstrated.
Ab initio analysis shows the existence of the ordered phases
at T ¼ 0 K.
Special attention was paid to the analysis of the
concentration dependence of the Fourier transforms of
mixing potentials that determine the relative stability of
different phases and the temperatures of the order–disorder
transformations. For the ordered phases (b), (d), (e) in
stoichiometric compositions the order–disorder phase transformation occurs at: T ¼ 540 K (La0.5Sr0.5CoO3), T ¼ 450 K
(La0.75Sr0.25CoO3), and T ¼ 420 K (La0.25Sr0.75CoO3),
respectively.
Moreover, La0.875Sr0.125CoO3 phase may exist only at
extremely low temperatures but hardly observed due to
www.pss-b.com
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frozen kinetics of its formation. The La0.75Sr0.25CoO3
and the La0.25Sr0.75CoO3 phases exist in the narrow
homogeneity region and a first-order phase transformation
takes place to the disordered solid solutions [12]. Lastly,
the La0.5Sr0.5CoO3 (phase b) shows the second-order phase
transformation at the stoichiometric composition. Above
550 K, the LSC system becomes disordered on the (La, Sr)
perovskite sublattice for all Sr concentrations.
The obtained results could be used for more realistic
modeling of oxygen transport in SOFCs.
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