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Abstract: This article presents a mathematical model of three-phase induction motor (IM) with a
squirrel cage rotor and investigates its starting modes. Specifically, two scenarios are considered:
direct starting of an IM and direct starting considering the current displacement effect in the rotor slots.
Analyzing the starting modes of an IM without the use of automatic control systems is crucial for
ensuring reliable, efficient, and safe operation of equipment across various industrial and commercial
sectors. Understanding and accounting for the processes occurring during the starting mode of an
IM allows for minimizing risks, enhancing energy efficiency, and reducing operational costs. This
article details the mathematical modeling methods used for analyzing these starting modes and the
results obtained from the modeling. These results were compared with data obtained experimentally,
allowing for the assessment of the accuracy and reliability of the proposed model. The conducted
research highlights the importance of considering current displacement in the rotor slots for accurate
modeling and analysis of induction motor starting modes, particularly in capturing the differences in
the amplitudes of the starting current and the faster transition to steady-state operation. Conclusions
drawn from the comparison of modeling and experimental data provide valuable insights for the
further development of control and operation methods for induction motors.
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1. Introduction

An induction motor (IM) is an electrical machine designed to convert electrical energy
into mechanical energy [1,2]. An AC induction motor consists of a fixed outer stator and a
rotor that rotates inside, separated by an air gap. In a three-phase AC induction motor, the
AC supply creates a naturally rotating magnetic field in the stator. This changing magnetic
field induces an electromagnetic force (EMF) in the rotor, generating currents and magnetic
fields within it. The interaction between the stator and rotor magnetic fields generates
torque, causing the rotor to rotate [3].

The most widely used type of IM is the squirrel cage rotor motor. Its widespread use is
due to several advantages over other types of motors: high reliability, the ability to operate
directly from an AC power supply, ease of maintenance, simplicity in manufacturing, low
cost, and the absence of mechanical contact with the stationary parts of the machine, which
ensures durability and reduces maintenance costs [4].

Three-phase induction motors with squirrel cage rotors have several advantages
over single-phase induction motors, particularly in terms of performance and application.
Although both single-phase and three phase induction motors use squirrel cage rotors,
three-phase motors are generally more efficient, can start heavier loads, and are better
suited for industrial applications. Three-phase motors also provide smoother operation and
greater reliability in high-power environments, making them more suitable for large-scale
commercial and industrial use compared to their single-phase counterparts [3].

The main problem encountered when using an IM with a squirrel cage rotor is the
direct starting of the motor. A significant drawback of the squirrel cage rotor is its low start-
ing torque and high inrush current, which is several times higher than the nominal current
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value. These factors can negatively impact the motor’s operation and cause significant
mechanical shocks [5–7].

The primary applications of induction motors (IMs) without automatic control include
industrial installations where cost-effective and reliable solutions are necessary. In certain
settings, such as small and medium enterprises, the decision not to use automatic control
systems is often driven by cost-effectiveness and practicality rather than the size of the
business itself [8]. Simple and robust IMs are commonly used to drive equipment such
as pumps, fans, and conveyors in these situations [9]. This also applies to agricultural
settings, where induction motors power machines without the need for automation, as
the simplicity and reliability of these systems make them ideal [10]. In household and
utility services, such as water supply compressors and ventilation systems [11], IMs often
operate without complex control systems, as the demand for automation is minimal in
these applications. Understanding the performance of IMs in such scenarios is critical
to ensuring their reliability and efficiency in environments where automatic control is
not utilized.

Research into the operating modes of IM is of significant importance, as evidenced
by numerous ongoing studies in this area [12]. Understanding these modes is not only
crucial for addressing starting characteristics but also for a wide range of issues, including
fault detection and diagnosis. Current research focuses on fault detection in IMs [13–15],
condition monitoring and practical diagnostics [16,17], and fault diagnosis based on current
signature analysis [18,19]. Additionally, studies explore condition monitoring and diagnos-
tics of rotor faults [20–23], broken bar detection [24–28], and fault detection based on the
start-up current envelope [29]. These investigations complement the study of IM-starting
characteristics by improving the overall efficiency of IM drives through flux and torque
control, which remains a key area of research [30,31].

Also, the study of the operating modes of an IM plays a crucial role in optimizing
its operation to reduce energy consumption [32]. Optimal management of operating
modes and a deep understanding of the processes occurring within the motor contribute to
increased energy efficiency. This is particularly important in situations where automatic
control systems are absent. Knowledge of the electrical and thermal processes within the
motor helps prevent emergency situations and ensures safe operating conditions [33].

Research and optimization of operating modes without the use of automatic control
systems can significantly reduce operating and maintenance costs. Proper operation of the
motor reduces expenses on maintenance and replacement of worn components, positively
affecting the economic efficiency of equipment use [34].

The study of dynamic operating modes of the induction motor, taking into account
electromagnetic transient phenomena caused by changes in the motor’s state, is a highly
relevant task in the modern practice of using low-inertia induction drives. Low-inertia
induction drives refer to systems with reduced rotational inertia, which allows for faster
acceleration and more responsive operation to changes in load or speed. These drives are
particularly useful in applications where quick dynamic responses are required, such as
robotics or precision machinery [35]. Direct starting, which involves applying full voltage
to the motor, is the simplest and most cost-effective method of starting an IM [36]. It is
also the most commonly used method for starting equipment, particularly in applications
without automatic control systems, due to its simplicity and cost-effectiveness [37].

A deeper understanding of dynamic processes, such as electromagnetic transient
phenomena, not only enhances the efficiency of the motor’s operation but also improves
its reliability. This, in turn, reduces the risk of accidents and extends the lifespan of
the equipment, which is crucial for enterprises aiming for sustainable development and
reduced operational costs. Thus, a comprehensive approach to studying the operating
modes of the induction motor provides significant advantages, contributing to the overall
efficiency and reliability of production processes.

To model IM-starting behavior, particularly in direct-start conditions, several mathe-
matical models are commonly employed. These models range in complexity and accuracy,
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depending on the level of detail they capture and the assumptions they make. The most
commonly used mathematical models for simulating the start-up behavior of induction
motors provide varying levels of insight, depending on the phenomena they are designed
to represent [38,39].

One of the simplest methods for analyzing induction motor startup behavior is the
steady-state equivalent circuit model, which represents the motor’s stator and rotor char-
acteristics using electrical resistances and inductances. While computationally efficient, it
assumes steady-state conditions and ideal sinusoidal voltages, limiting its ability to capture
dynamic processes during startup [40–42]. A more advanced approach is the dynamic D–Q
model, which uses Park’s transformation to simplify analysis by converting three-phase
currents into two orthogonal components in a rotating reference frame. This model is
effective for capturing transient phenomena, like inrush currents and torque oscillations,
though it requires precise rotor parameters and balanced conditions [12,39,43,44]. Coupled
magnetic circuit models represent the motor as multiple coupled circuits and are especially
useful for simulating rotor bar currents during startup but require significant computa-
tional resources [45]. Space vector models simplify the analysis of induction motors by
using complex vectors to represent the motor’s electrical variables. This method provides a
compact and efficient way to model motor dynamics during both steady-state and transient
conditions. One of the main advantages of space vector models is their ability to reduce the
number of differential equations required, making them computationally efficient while
still capturing important transient behaviors [46,47].

Each model has its strengths and limitations, depending on the required details and
available computational resources. Simpler models like the steady-state equivalent circuit
may suffice for basic applications, while more advanced models like D–Q or space vector
models are better suited for detailed startup simulations or real-time control [48].

Conventional mathematical models for induction motors typically assume a uniform
current distribution in the rotor slots. This assumption overlooks the phenomenon of
current displacement, where the current density varies along the height of the rotor slot due
to changes in inductive reactance. As a result, conventional models tend to underestimate
the starting current and overestimate the motor’s acceleration during the direct-starting
process. These inaccuracies can lead to significant discrepancies between predicted and
actual motor behavior, particularly in high-power applications where precise control of
starting dynamics is critical.

This paper presents a mathematical model of a three-phase induction motor (IM) with
a squirrel cage rotor, focusing on the analysis of its direct-starting mode using a model in
the αβ coordinate system. Specifically, two models are analyzed: one that ignores current
displacement in the rotor slots and one that accounts for it. Both models are used to study
the direct starting of the motor and compare the dynamic characteristics in each case.

The chosen model is particularly effective in simulating the start-up behavior of
the motor, including phenomena such as rotor acceleration and the interaction between
stator and rotor flux linkages. By incorporating the effect of current displacement, the
model provides a more accurate representation of the starting current and torque profiles.
This allows for a detailed examination of how current displacement influences motor
performance during start-up. The results obtained from the mathematical models are
compared with experimental data to validate their accuracy and reliability.

2. Mathematical Model of the Induction Motor

To analyze the operation of an IM during transient processes, the choice of the electric
motor’s mathematical model is an important and often decisive factor. An efficient solution
for such tasks involves using a mathematical model in orthogonal coordinates, where the
primary variables are the voltages and currents of the electric machine.

In the first stage of modeling the dynamic operation regimes of an IM, conventional
assumptions are traditionally applied. These assumptions enable the analysis of an ideal-
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ized machine, rather than a real electric machine. The idealized machine is characterized
by the following [49]:

1. No magnetic circuit saturation, hysteresis, or iron loss: this means that the magnetic
materials in the motor are assumed to behave perfectly, without any energy losses or
limits on how much magnetism they can handle;

2. No current displacement in winding copper: the flow of electric current in the motor’s
windings is assumed to be evenly distributed, without any irregularities caused by
the changing frequency of the current;

3. Sinusoidal distribution of magnetic flux density and magnetizing forces in space:
the magnetic field inside the motor is assumed to be smooth and evenly spread out,
creating consistent forces that drive the motor;

4. Independence of winding leakage inductance from rotor position: the magnetic
leakage, which is the small amount of magnetic energy that escapes from the windings,
is assumed to stay the same regardless of the rotor’s position;

5. Complete symmetry of windings: the windings (the coils of wire in the motor) are
assumed to be perfectly balanced and identical, which simplifies the analysis.

The idealizations made in this study, such as assuming negligible current displacement
in the copper windings, are commonly used in simplified models for induction motors
(IMs) to reduce computational complexity while maintaining accuracy in most industrial
applications. These assumptions are typically valid when the motor operates under stan-
dard conditions where current displacement effects are minimal. However, in cases where
the motor design or operational environment leads to significant current displacement
effects (such as high-frequency operation or specific motor designs), these idealizations may
limit the accuracy of the model. For motors where current displacement in the windings
plays a more prominent role, more advanced models, which account for these effects, are
necessary [50,51].

2.1. Generalized Electric Machine Equations

Generalized electric machine equations are a system of differential equations that
include the equilibrium equations for the windings voltages of machine and the equation
of motion (torque balance equation on the machine shaft). The rotor windings’ parameters
are reduced to the stator windings (with the reduction marks omitted).

Thus, on axes 1α, 1β and 2α, 2β [49]:

U1α = R1i1α +
d
dt

ψ1α; (1)

U1β = R1i1β +
d
dt

ψ1β; (2)

U2α = R2i2α +
d
dt

ψ2α; (3)

U2β = R2i2β +
d
dt

ψ2β. (4)

In these equations, the flux linkages of the windings are represented as follows:

ψ1α = L1αi1α + M1α2αi2α + M1α2βi2β (5)

ψ1β = L1βi1β + M1β2αi2α + M1β2βi2β (6)

ψ2α = L2αi2α + M2α1αi1α + M2α1βi1β (7)

ψ2β = L2βi2β + M2β1αi1α + M2β1βi1β (8)

where U1α, U1β, U2α, U2β—are the voltages applied to the machine windings;
i1α, i1β, i2α, i2β are the currents in the windings;
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R1, R2 are the resistances in stator and rotor windings, respectively;
L1α, L1β, L2α, L2β—are the self-induction inductances of the stator and rotor windings;
M1α2α, M1α2β, M1β2β, M1β2α, M2α1α, M2α1β, M1β2β, M2β1β are the mutual inductances between
the stator and rotor windings.

Since the air gap of the machine is constant along the stator circumference and the
magnetic field is not saturated, the self-inductance coefficients L1α, L1β, L2α, L2β are constant.

The symmetry of the machine along the α, β axes and the sinusoidal distribution of
the winding magnetomotive force allow us to establish the following equalities:

M1α2α = M2α1α = M1β2β = M2β1β = M · γ;
M1α2β = M2β1α = −M · sinsin γ ;
M1β2α = M2α1β = M · sinsin γ ;

where M—mutual inductance coefficient when windings axes have a specific angle.
Rotor movement equation:

Te = Tl + J
dΩ

dt
, (9)

where Te—developed by machine electromagnetic torque;
Tl—oad torque;
J dΩ

dt —dynamic torque;
J is the combined inertia of the rotor and the equipment inertia, reduced to the rotor shaft;
Ω—rotation speed, and when 2p = 2, where p is the number of pole pairs, Ω = ω (for
generalized electric machine).

The equations fully define dynamic and static processes in generalized electric machine.
Given

.
U1 for stator winding and

.
U2 for the rotor winding:

.
U1 = U1m · ej(ω1t+α0) = U1m[cos cos (ω1t + α0) + j sin sin ( ω1t + α0)] (10)

.
U2 = U2m · ej(ω2t+α2) = U2m[cos cos (ω2t + α2) + j sin sin (ω2t + α2)] (11)

In these equations:

ω1—angular rotation speed of network;

ω2—angular rotation speed of vector
.

U2 comparing to rotor axes;

α0—phase angle of vector
.

U1 relative to the axis 1α at the time point t = 0;

α2—phase angle of vector
.

U2 relative to the axis 2α at the time point t = 0.

Obviously, the system of differential Equations (1)–(4) and (9) becomes cumbersome
due to periodic coefficients. Additionally, the coefficients of the current in the flux link-
ages are variable functions, making these equations extremely challenging to solve. This
complexity arises from the large number of variables, nonlinearities, and complex physical
interactions that characterize the processes in a multiphase machine. To make the prob-
lem more manageable, the machine is transformed into a two-phase model, significantly
reducing the number of equations and simplifying their solution [49].

The coordinate system 1α, 1β is stationary, while the coordinate system 2α, 2β rotates
with rotor’s angular speed ω.

2.2. Generalized Machine in Common Coordinates Axes Rotating at Arbitrary Speed

To simplify the analysis of an electric machine, we aim to make the magnetic fields
of the stator and rotor appear stationary relative to each other. This can be achieved in
two ways:

- Braking the rotor’s rotating windings: this means that, from a mathematical perspec-
tive, we adjust the reference frame so that the rotor’s windings appear stationary, even
though they are physically rotating;
or
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- Rotating the stator’s windings at the same speed as the rotor: in this case, we imagine
that the stator windings are rotating at the same speed as the rotor, effectively making
the stator and rotor fields appear stationary relative to each other.

In both scenarios, we must adjust the frequency of the currents in the windings to
reflect this new reference frame, where the fields are stationary. To account for this, an
electromotive rotational force is introduced into the voltage and current equations. This
adjustment ensures that the real electrical behavior of the machine is accurately captured in
the equations.

Next, we convert the system of equations into the x, y coordinate system, which rotates
at an arbitrary speed. This common coordinate system simplifies the analysis and makes it
easier to model the dynamics of the machine (see Figure 1).
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The stator-winding voltage balance equation expressed using space vectors
.

U1;
.
ψ1;

.
I1 is

.
U1 = R1

.
I1 +

d
.
ψ1
dt

.

Thus, equation should be multiplied by e−j(ωxt+γx0). This multiplier accounts for the
rotation frequency difference between the stationary 1α, 1β coordinate system and the
rotating x, y coordinate system.

.
ψ1(x, y) =

.
ψ1e−j(ωxt+γx0) = ψ1mej((ω1−ωx)t+α0−γx0−ϕ); (12)

.
U1(x, y) =

.
U1 · e−j(ωxt+γx0) = U1m · ej(ω1t+α0) · e−j(ωxt+γx0) =

= U1m · ej((ω1−ωx)t+α0−γx0);
(13)

.
I1(x, y) =

.
I1e−j(ωxt+γx0) = I1m · ej((ω1−ωx)t+α0−γx0−ϕ). (14)

where φ is the angle of displacement between the vectors,
.
ψ1,

.
I1 relative to

.
U1 at the time

point t = 0.
The derivative:

d
.
ψ1(x,y)

dt = d
dt

{ .
ψ1 · e−j(ωxt+γx0)

}
=

(
d

.
ψ1
dt

)
· e−j(ωxt+γx0) − jωx

.
ψ1e−j(ωxt+γx0).

(15)

From this, we obtain the following:

.
U1(x, y) = R1

.
I1(x, y) +

d
.
ψ1(x, y)

dt
+ jωx

.
ψ1(x, y). (16)
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The real and imaginary parts of this equation yield the voltage balance equations in
the x, y axes:

U1x =
dψ1x

dt
− ωxψ1y + R1y + R1i1x U1y =

dψ1y

dt
− ωxψ1x + R1y + R1i1y (17)

Similarly, the voltage balance equation for the rotor windings is the following:

.
U2 =

d
.
ψ2
dt

+ R2
.
I2 .

Multiplying by e−j((ω−ωk)t+γ0−γx0) accounts for the relative difference in rotation
speed between the 2α, 2β and x, y coordinate systems.

Applying analogous transformations as for the stator equations, we obtain the following:

.
U2(x, y) =

d
.
ψ2(x, y)

dt
+ j(ω − ω2)

.
ψ2(x, y) + R2

.
I2(x, y). (18)

Transforming the generalized electric machine equations into a coordinate system that
is common for both the stator and rotor and rotates with the free rotation frequency, we
obtain the voltage balance equations in the x, y axes.

U2x =
dψ2x

dt
− (ω − ωx)ψ2y + R2i2x U2y =

dψ2y

dt
− (ω − ωx)ψ2x + R2i2y (19)

By setting the values of frequencies ω1, ω2, ω, and ωx, we can examine the induction
machine in any coordinate system.

A notable feature of the derived model is the presence of rotation electromotive forces:
ωxψ1y, ωxψ1x, (ω − ωx)ψ2y, (ω − ωx)ψ2x.

In the x, y coordinate system (common to both stator and rotor windings), the machine
windings are semi-fixed, meaning that flux linkages of windings lose their alternating
coefficients:

ψ1x = L1xi1x + Lmi2x

ψ1y = L1yi1y + Lmi2y

ψ2x = Lmi1x + L2xi2x

ψ1y = Lmi1y + L2yi2y

2.3. The Model of Induction Motor in the αβ Coordinate System

For β ( ωx = 0)—a fixed coordinate system with axes linked to stator-solving Equations
(17) and (19) with respect to the derivatives of the flux linkages gives the following form:

dψ1α
dτ = Umcos cos (τ)− R1i1a

dψ1β

dτ = Umcos cos (τ)− R1i1β
dψ2α
dτ =

−R2i2α + ωψ2β
dψ2β

dτ = −R2i2β + ωψ2α ,
(20)

The equation for the change in rotor speed is

dω

dτ
= (Te − Tl)/TM, (21)

The current values are obtained from flux linkages expressions:

i1α = (X2ψ1α−Xadψ2α)
∆ i1α =

(X2ψ1β−Xadψ2β)
∆ i2α

= (X1ψ2α−Xadψ1α)
∆ i2β =

(X1ψ2β−Xadψ1β)
∆

(22)
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where ∆ = X1X2 − XadXad.
Te = Xad

(
i1αi2β − i1βi2α

)
(23)

And the load torque is the following:

Tl = SMω2
2 + SMC (24)

where:

• ψ1β, ψ1α, ψ2β, ψ1α are the stator and rotor flux linkage components in the αβ coordinate
system;

• i1x, i1y, i2x, i2y are the stator and rotor current components in the αβ coordinate
system;
ω is the rotor rotation speed;
Umcoscos (τ),−Umsinsin (τ) are the stator applied voltage;
R1, R2, X1, X2, Xad are the induction motor parameters in per units;
Te, Tl are the electromagnetic and load torques, respectively;
SM, SMC are the motor’s variable and constant torques coefficients.

Using the developed IM model in the α, β coordinate system, there is an opportunity
to model various dynamic operating regimes, such as direct starting, and direct starting
considering current displacement in the slots.

This IM model in the α, β coordinate system allows for the direct comparison of single-
phase outcomes with experimental data without the need for additional transformations.

3. Modeling the Direct-Starting Mode of an Induction Motor

The direct-starting mode of an IM is a critical stage in its operation, as it determines
whether the motor can successfully transition from rest to its steady-state operating condi-
tion [37]. The method of starting plays a crucial role in ensuring that the motor operates
effectively, and different starting methods are employed depending on the operating condi-
tions and the electrical network requirements [50].

When using direct starting, however, large inrush currents and significant voltage
drops in the network can occur, which may reduce the motor’s lifespan and affect the
stability of the electrical system. During the starting process, the application of voltage
to the stator winding induces both harmonic currents and flux linkages corresponding to
the applied voltage, as well as transient components. These transients result in complex
interactions between the stator and rotor fluxes. With some simplification, it can be assumed
that one of the transient fluxes remains stationary relative to the stator, while the other
rotates with the rotor. The forced flux rotates at synchronous frequency, and the rotor flux
linkage caused by the rotating-free flux decays over time [51,52].

The electromagnetic torque generated during this phase is the result of the interaction
of all these fluxes. The transient currents that arise in the stator and rotor windings during
the starting process follow complex oscillatory patterns, and the electromagnetic torque
they generate is similarly oscillatory and dependent on time [53,54].

Understanding the processes that occur during starting allows for the selection of
optimal starting methods to minimize these negative effects [7].

There are two major challenges associated with the direct starting mode of an induc-
tion motor (IM): a high starting current, which can be 6–10 times higher than the normal
operating current, and fluctuations in the motor’s starting torque. These torque fluctua-
tions, or variations, mean that the motor does not produce smooth torque during startup,
which can result in vibrations and mechanical stress [6,55,56]. These factors lead to the
following consequences:

• The high starting current causes a significant voltage drop on the main substation
buses (especially if the transformer and motor power are comparable), which disrupt
the operation of other consumers and the motor itself (resulting in a start-up delay).
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• The high starting current also induces significant thermal overload on the windings,
leading to accelerated aging of the insulation. This ultimately results in insulation
breakdown and inter-turn short circuits.

• Large torque fluctuations during the start-up period, which can exceed the nominal
torque by 4–5 times, create unfavorable conditions for the mechanical system con-
nected to the motor (such as gears, belts, or shafts), causing stress and potentially
damaging these components.

The process of accelerating an IM during starting mode is divided into three stages
(Figure 2):

1. Application of voltage to the stator windings, while the rotor is in a fixed position,
inducing both forced and transient currents in the windings.

2. The rotor begins to rotate and reaches critical slip, which is the point where the motor
produces its maximum torque. This occurs when the rotor speed lags behind the
synchronous speed of the magnetic field by an optimal amount before the motor
accelerates further.

3. The rotor accelerates from critical slip to a steady rotational speed.
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Figure 2. Characteristic stages of the induction motor starting process, where Te is the electromagnetic
torque and S is the slip [57].

For starting-mode modeling, the parameters of 3 kW induction motor with the fol-
lowing per unit (pu) values were used [58]: X1= 0.057 pu, Xad = 3.4 pu, X2 = 0.1 pu,
R1= 0.072 pu, R2 = 0.0487 pu, TM = 32.986.

Figure 3 presents the dynamic characteristics of torque, current, and rotation frequency
obtained through mathematical modeling for the direct-starting mode of an IM under no-
load operation.

The electromagnetic torque characteristics of an IM during the starting phase are
illustrated for different load conditions in Figure 4. The curves correspond to varying
load torques represented by the load variables SM and SMC. Specifically, SM = 0.8 (pu)
represents a variable load, while SMC = 0.2 (pu) and SMC = 0.5 (pu) represent constant
loads on the motor. These characteristics are influenced by different values of the motor’s
active and reactive resistances. The torque response demonstrates how the motor behaves
under these changing load conditions, providing a detailed understanding of its dynamic
performance during starting mode.
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Figure 4. Dynamic characteristics of a 3 kW induction motor during the starting mode, where
Te (electromagnetic torque) and n (rotational speed) are expressed in per units, depending on the
induction motor load characteristics.

Figure 5 illustrates the static and dynamic torque characteristics of a 3 kW induction
motor during the starting phase. The static characteristic, shown in blue, represents the
motor’s behavior under steady-state conditions, while the dynamic characteristic, shown
in red, is obtained through modeling. As discussed earlier, these characteristics exhibit
significant differences, reflecting the complex interactions and transient phenomena that
occur during dynamic operation compared to the steady-state performance.

As discussed earlier, these characteristics exhibit significant differences, reflecting
the complex interactions and transient phenomena that occur during dynamic operation
compared to the steady-state performance.



Appl. Sci. 2024, 14, 9230 11 of 21

Appl. Sci. 2024, 14, x FOR PEER REVIEW 11 of 21 
 

motor’s behavior under steady-state conditions, while the dynamic characteristic, shown 
in red, is obtained through modeling. As discussed earlier, these characteristics exhibit 
significant differences, reflecting the complex interactions and transient phenomena that 
occur during dynamic operation compared to the steady-state performance. 

 
Figure 5. Static and dynamic starting characteristics of a 3 kW induction motor. 

As discussed earlier, these characteristics exhibit significant differences, reflecting the 
complex interactions and transient phenomena that occur during dynamic operation com-
pared to the steady-state performance. 

4. Modeling the Direct Starting of an Induction Motor with Consideration of Slot  
Current Displacement 

In a squirrel cage induction motor, slots are the grooves in the rotor and stator cores 
where the conductive bars (in the rotor) and windings (in the stator) are housed. These 
slots are essential because they guide the flow of electrical current through the motor and 
contribute to generating the electromagnetic field necessary for its operation. 

Changes in the active resistance of the winding can be caused by variations in tem-
perature, current displacement due to frequency changes, and the inclusion of nonlinear 
resistors. Current displacement in the slot refers to the uneven distribution of electric cur-
rent within the conductor bars in the rotor slots. This occurs because the inductive reac-
tance of the conductors varies depending on their position within the slot. Conductors 
located at the bottom of the slot experience different inductive reactance compared to 
those nearer the air gap. As a result, the current is not uniformly distributed along the slot 
height. 

When the angular velocity of the rotor changes, the frequency of the current in the 
rotor bars also changes, which further affects the distribution of current density along the 
conductors inside the slots. This variation in current density leads to changes in both the 
amplitude and phase of the currents along the slot height. 

In most cases, changes in active resistance due to temperature occur slowly and do 
not significantly affect the motor’s dynamic behavior. However, when operating electric 
converters (ECs)—devices used to control the speed and torque of induction motors by 
adjusting supply frequency and voltage—the most significant focus is on studying the 
impact of current displacement in the slots on the motor’s dynamic characteristics. 

The distribution of current along the slot is illustrated in Figure 6a. The current is 
distributed unevenly along the width of the slot as well. The coefficient 𝐾𝐾𝑟𝑟 , which ac-
counts for the increase in active resistance due to current displacement, depends on the 
type of winding, the geometrical data of the slot, the number and sizes of the elementary 

Figure 5. Static and dynamic starting characteristics of a 3 kW induction motor.

4. Modeling the Direct Starting of an Induction Motor with Consideration of Slot
Current Displacement

In a squirrel cage induction motor, slots are the grooves in the rotor and stator cores
where the conductive bars (in the rotor) and windings (in the stator) are housed. These
slots are essential because they guide the flow of electrical current through the motor and
contribute to generating the electromagnetic field necessary for its operation.

Changes in the active resistance of the winding can be caused by variations in tem-
perature, current displacement due to frequency changes, and the inclusion of nonlinear
resistors. Current displacement in the slot refers to the uneven distribution of electric
current within the conductor bars in the rotor slots. This occurs because the inductive
reactance of the conductors varies depending on their position within the slot. Conductors
located at the bottom of the slot experience different inductive reactance compared to those
nearer the air gap. As a result, the current is not uniformly distributed along the slot height.

When the angular velocity of the rotor changes, the frequency of the current in the
rotor bars also changes, which further affects the distribution of current density along the
conductors inside the slots. This variation in current density leads to changes in both the
amplitude and phase of the currents along the slot height.

In most cases, changes in active resistance due to temperature occur slowly and do
not significantly affect the motor’s dynamic behavior. However, when operating electric
converters (ECs)—devices used to control the speed and torque of induction motors by
adjusting supply frequency and voltage—the most significant focus is on studying the
impact of current displacement in the slots on the motor’s dynamic characteristics.

The distribution of current along the slot is illustrated in Figure 6a. The current
is distributed unevenly along the width of the slot as well. The coefficient Kr, which
accounts for the increase in active resistance due to current displacement, depends on the
type of winding, the geometrical data of the slot, the number and sizes of the elementary
conductors, and the frequency of the current in them [49]. The leakage inductive reactance
also changes due to current displacement. This is accounted for by the coefficient Kx. The
coefficients Kr and Kx change according to a nonlinear law as the rotor speed varies. The
changes in Kr and Kx in per unit for a deep slot are shown in Figure 6b. By determining
the laws of variation for the active and reactive resistances of the slot, the equations of
electromechanical energy conversion are modeled, taking into account the changes in the
rotor-winding resistances.
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Figure 6. Current distribution along the height of the slot in an electrical machine (a); dependence of
Kr and Kx on slip (b).

Research shows that the nonlinear variation of the rotor’s active resistance has the
greatest impact on the dynamics during the starting mode of an IM. Due to current displace-
ment in the rotor slots, the acceleration time is reduced, and surge currents and torques
are decreased.

The shape of the grooves affects the law of change in Kr and Kx and, consequently,
impacts the dynamic characteristics. However, the initial and final values of resistance
have a greater influence on the energy conversion processes.

To determine the parameters of resistance, change during the startup of an induction
motor, the following expression can be used [59]:

Z′
2(s) =

R′
2(s)
s

+ jX′
2(s) (25)

where R′
2, X′

2(s) are rotor parameters that depend on slip, reduced to the stator frequency,
i.e., X′

2(s) = ω1L′
2(s).

In all design types of squirrel cage rotors (deep-bar, double-cage, and solid), the active
resistance increases with increasing slip, while the reactive resistance decreases. It can be
shown that the same approximate formula for parameters as a function of slip is valid for
all types of rotors [59].
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where R′
2N, X′

2(1) rotor windings’ parameters at slow frequency (practically on nominal slip):
R′

2(1), RX′
2(1) parameter on slip s = 1.

X′
2a—the part of reactive rotor winding, which is not depending on slip (differential dis-

persion or dispersion of crown of tooth, dispersion in the open slot, dispersion of end coil,
except the machines with current dispersion in end coil).

Using the IM mathematical model, the starting mode was modeled, taking into account
current displacement in slots. The modeling results are presented on Figures 7–9. The
curves also reflect the characteristics obtained during starting mode without considering
current displacement in the slots, as discussed in the previous chapter.
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A comparison of the current characteristics of the IM showed that when considering
current displacement in the slot, the starting current of the IM matches the first and second
amplitudes of the starting current without considering current displacement in the slot.
However, the value of the third amplitude is significantly less than when starting without
considering current displacement. Overall, the starting-current characteristic with slot
current displacement exhibits a more rapidly decaying nature than the characteristic ob-
tained without considering current displacement. In steady-state mode, the characteristics
completely coincide.

From the starting-frequency characteristic of the IM, it is evident that when starting
with slot current displacement taken into account, the IM reaches steady-state mode faster
than when starting without considering current displacement in the slots. A comparison of
the electromagnetic torque characteristics shows that when modeling the start with slot
current displacement considered, the first torque amplitude significantly exceeds the value
obtained when modeling the IM start without considering slot current displacement. Thus,
the conducted study demonstrates that accounting for slot current displacement affects the
starting characteristics of current, rotational frequency, and electromagnetic torque of the
IM but does not affect the steady-state mode.

5. Comparison of Results Obtained from the Mathematical Model and
Experimental Data

The characteristics of current, rotational frequency, and torque obtained using the IM
model were compared with experimental data. As described in Section 2.3, the IM model
in α, β coordinates allow for the comparison of the results from one of the phases with ex-
perimental data without requiring additional transformations. To verify the accuracy of the
presented mathematical model of the IM in α, β coordinates and the starting characteristics
obtained with its help, an experiment was conducted.

To validate the IM-starting characteristics obtained through mathematical modeling, a
test stand was constructed, as shown in Figure 10.
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Figure 10. Setup of the induction motor for measuring starting characteristics.

The diagram (Figure 11) illustrates the key components of the test stand used for the
experiments, including the induction motor (IM), torque sensor, electromagnetic brake,
tachogenerator (TG), and associated measurement equipment. Electrical and mechanical
values were measured using MODMECA and MODELEC modules. A HAMEG oscillo-
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scope was used for data acquisition, with the data transferred to a data management system
for further analysis. The setup is powered by a three-phase AC source, with transformers
(TR and ATR) providing necessary adjustments for the measurements.
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The induction motor’s T-type equivalent circuit is shown in Figure 12 [49]. Table 1
lists the data of the tested IM, while Table 2 presents the data of the IM equivalent circuit
(Figure 11) used for modeling [58].
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Table 1. Technical data of 3 kW IM [58].
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3 220/380 6.1/10 0.88 84.5 50 2840

Table 2. 3 kW IM equivalent circuit catalog data [58].

Motor Type
Equivalent Circuit Parameters (pu)

in Nominal Regime
Equivalent Circuit Parameters (pu)

at Short Circuit

Xad R′
1 X′
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2 X′′

2 R′′
2start Rsc,start Xsc, start

4A90L2Y3 3.4 0.072 0.057 0.047 0.10 0.048 0.12 0.11
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Presented below are the current characteristics for one phase, rotational frequency, and
electromagnetic torque of the induction motor, obtained both experimentally and through
mathematical modeling under no-load operation.

Figure 13 shows a comparison of the phase current IA of an induction motor obtained
by mathematical modeling and the experimentally measured current IA_ex. The graph
shows the time evolution of the phase current in per unit (pu) values. Initially, there is a
noticeable difference between the modeled and experimental currents during the starting
transients, particularly within the first 0.05 s. While the primary focus of this study is on
the induction motor’s starting process, it is important to highlight that the model has been
validated under both transient and steady-state conditions. This comprehensive validation
ensures the model’s reliability across all phases of motor operation, making it suitable for
studying both dynamic (starting) and steady-state conditions.
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Figure 13. IM-current characteristics obtained through mathematical modeling and experimental
measurements.

Figure 14 presents a comparison between the rotational speed n of an induction motor
obtained through mathematical modeling and the experimentally measured speed nex.
The graph demonstrates that the modeled and experimental speed curves (n and nex)
are closely aligned throughout the starting phase. Initially, both curves exhibit a rapid
acceleration phase, with the motor reaching approximately 80% of its rated speed within
the first 0.05 s. After this initial phase, the curves converge almost perfectly, indicating that
the mathematical model accurately predicts the motor’s dynamic behavior during starting
mode. The slight oscillations observed around the steady-state value are minimal and show
good agreement between the experimental data and the modeled results.

Figure 15 shows the comparison between the electromagnetic torque Te of an induction
motor obtained through mathematical modeling and the experimentally measured torque
Te_ex. The graph illustrates that during the initial starting phase (approximately the first
0.05 s), there is a noticeable difference between the modeled torque Te and the experimental
torque Te_ex. The experimental curve exhibits sharper peaks, indicating transient spikes in
the torque that are likely due to real-world factors such as measurement noise, sudden load
changes, or mechanical vibrations that are not fully captured by the mathematical model.
Despite this initial discrepancy, the curves begin to converge around 0.1 s into the starting
process, with the modeled torque aligning closely with the experimental data as the system
approaches steady-state operation.

This comparison highlights the effectiveness of the mathematical model in predicting
the general trend in the motor’s torque response during the starting mode while also
underscoring the challenges of accurately modeling the highly dynamic initial transients.
The close alignment of the curves after the initial transients suggests that the model is
reliable for steady-state analysis and for studying the overall behavior of the motor during
the starting phase.
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6. Discussion

The results obtained from the mathematical modeling of the induction motor’s starting
behavior provide valuable insights into the transient and steady-state performance of
the motor. The developed model, which takes into account current displacement in the
rotor slots, shows a significant improvement in the prediction of starting current and
torque characteristics. Specifically, the inclusion of current displacement results in a faster
transition to steady-state operation and a reduction in the amplitude of the starting current,
which are critical factors in enhancing energy efficiency and reducing mechanical stress
during startup.

In comparison to the existing literature, traditional models often neglect the current-
displacement effect, leading to discrepancies in predicting motor dynamics, particularly
during the transient phase. Studies such as those by Kopylov [49] and Krause [54] high-
light the challenges of accurately capturing transient phenomena without considering
these nonlinear effects. By incorporating current displacement, our model reduces these
discrepancies, thus providing a more accurate representation of the induction motor’s
starting characteristics. Additionally, Menghal et al. [60] discuss various control strategies,
including AI-based controllers for improving dynamic response, which also acknowledge
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the importance of accurate modeling in transient conditions. Similarly, Larabee et al. [5]
emphasize the impact of starting methods on induction motor performance. This research
aligns with these studies in recognizing that accounting for complex physical behaviors,
such as current displacement, significantly enhances the accuracy of motor simulations,
particularly during start-up.

While the model presented in this paper performs well under steady-state conditions
and closely aligns with experimental data, certain discrepancies are observed during the
initial transient phase. These differences are primarily attributed to model simplifications,
such as assuming linear magnetic properties and excluding mechanical factors like friction
and vibration. All these limitations have also been noted in previous studies, indicating
that the inclusion of these factors could further enhance the model’s accuracy.

The comparison between the experimental and simulated data suggests that the pro-
posed model effectively captures the general trends in the motor’s behavior, but improve-
ments are needed for better transient accuracy. Future work will focus on incorporating
more detailed representations of mechanical losses and magnetic saturation effects to
enhance the model’s capability in predicting dynamic behavior during motor startup.

7. Conclusions

This paper presents a detailed study of the starting behavior of a three-phase induction
motor (IM) with a squirrel cage rotor, using a mathematical model in the α, β coordinate
system. The proposed model accurately captures key transient processes, including current,
rotational speed, and electromagnetic torque, during the motor’s startup phase. The
simulation results closely align with experimental data under steady-state conditions,
validating the model for practical applications.

A key aspect addressed in this study is the well-established effect of current displace-
ment in the rotor slots. By incorporating this known phenomenon into the model, the
starting current and torque profiles were improved, reducing the time to reach steady-state
operation. This adjustment results in a lower amplitude of starting current, enhancing the
model’s reliability for industrial applications where energy efficiency and smooth motor
startup are critical.

Despite the model’s accuracy in general startup characteristics, discrepancies between
the simulated and experimental data during the initial transient phase suggest that addi-
tional factors, such as mechanical resonances or nonlinear magnetic effects, may need to be
accounted for in future model iterations.

The developed model serves as a strong foundation for analyzing the dynamic behav-
ior of induction motors, especially in startup scenarios without automatic control systems.
It offers valuable insights into improving motor performance when current displacement
is considered. Future work will focus on refining the model to better capture complex
transient phenomena and broadening its application across various industrial settings to
optimize energy efficiency and operational reliability.
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